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PREFACE. 



A KNOWLEDGE of the principles of this branch of the 
Pure Mathematics is absolutely necessary, before any one 
can successfully undertake the perusal of works on Natural 
Philosophy, in which the effects of the observed laws that 
govern the material world are reduced to calculation. 

For Students deficient in this knowledge, yet anxious 
to obtain as much information as may enable them to 
master the chief analytical difSculties incident to the study 
of Elementary Treatises on the Mixed Mathematics, this 
book has been written: with the hope, too, that by its 
means a subject of high interest may be rendered acces* 
sible to an increased number of readers. 

The ample Table of Contents which accompanies this 
work will sufficiently exhibit its plan — and a very hasty 
glance will at once shew that its chief object is to treat 
of Functions of one Variable ; at the same time the Theory 
of Functions of two Variables, and its application to questions 
of Maxima and Minima, is fully explained. But the 
Chapters on the Integral Calculus contain rules for the 
Integration of Explicit Functions only. 

A few words may be here added in order to explain 
the principles adopted in laying down the definitions. 



IV PREFACE. 

By a method, simUar to that of M. Poisson I have 
shewn that Wi=/(«j?-f A) can always be put under the form 
u + Ah '\- Uh^f whence we obtain the equation 

Ui - u = Jh + Uh?. 

The term J A is defined to be the differential of w, and 
Aj or the coefficient of A, is called the differential coefii- 
cient. 

And from these definitions, the Rules for Differentiation 
have been in general derived. 

But as the algebraical labour of finding A may some- 
times be greatly diminished, if, after dividing both sides 
of the equation u^-u- Ah-^- Uh^ by A, we make A = 0, 
this method is in a few instances made use of. 

The symbol — for the differential coefficient of w=/(^), 

invented by Leibnitz, and used almost without exception 

by the continental writers, is here retained — I mention the 

fact, since the notation d^^u for the same term has lately 

been revived by some Cambridge Mathematicians — I do 

du 
not pretend to decide the question which of the two - — 

dw 

or dggU estimated by its power of best representing the 

differential coefiicient ought to be preferred, but I see that 

the latter is, to say the least, an imperfect notation, and 

is liable to the important objection that the sufiix ^, in 

the calculus of finite differences has a meaning entirely 

different from that indicated by the x in d,. But the 

most important objection is that already alluded to, that 

when the proposed notation has been learned in our own 

elementary works, the eye must become familiarized with 
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that of Leibnitz, before the works of Lacroix and Laplace 
can be read with advanta^. 

Lastly, if it be considered necessary to offer an in- 
ducement to any one to enter upon the study of a science — 
which is the result of one of Newton^s most brilliant dis- 
coveries, let him know ** that it is a high privilege, not 
a duty, to study this language of pure unmixed truth. 
The laws by which Gk)d has thought good to govern the 
universe are surely subjects of lofty contemplation, and the 
study of that symbolical language by which alone these 
laws can be fully decyphered, is well deserving of his 
noblest efforts*.*" 

* Professor Sedgwick on the Studies of the University. 
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CHAPTER I. 

1 . One quantity (u) is said to be a function of another 
(iV) when the value or magnitude of {u) depends upon the 
variation of x. Thus the area of a triangle is a function of 
the base, when the altitude remains unaltered, since the are^. 
will increase or decrease with the increase or decrease of the 
base. 

And if u=s aai^ ^ bxj where a and h are constant quan- 
tities, and w a variable one, u is said to be a function of a?, 
since if x changes, the value of u will be altered : this relation 
between u and w is usually expressed by writing u^f{aj) or 
^ (or), the symbols /and ^ expressing the word function. 

The quantities expressed by the letters a and h are omitted 
in the equation u-f(w). Since, although they determine the 
particular kind of function, they remain unchanged, while x 
passes through every degree of magnitude. 

The quantity (x) is called the independent variable, and 
(u) the dependent variable. 

2. Functions are also named explicit and implicit: an 
explicit function of <v, is when (u) is known in terms of «r, 
as in the equation u ^ ax^ -^ bx. An implicit function is 
when u and x are involved together, as in the equation 
u^x — aux + bx^ = 0. An implicit function is written f(uy x) 
or (u^ x) = 0. 

3. Functions are also divided into algebraical and tran- 
scendental. 

A 



2 DEFINITIONS. 

Algebraical functions are those where {u) may be expressed 
in terms of <r, by means of an equation consisting of a finite 
number of terms. 

Thus u = aai^ + haf^~^ + &c. + qa^ -{-rai -{■ 8 where (m) is 
finite, is an algebraical function of so, 

A Transcendental function is one where u is equal to 
an infinite series, the sum of which cannot be expressed by 
» a limited number of terms. 

Thus u = log (1 + a?), which 

if a^ 0? x'^ . /. . 1 

= -77 \A' H + &c. to infinity > , 

M\ 2 3 4 ^y 

and t^ = sm a? = 0? 1 &c. to infinity, 

are transcendental functions of x. 

4. The equation u^f{/xi) expresses the relation between 
the function {u) and the single variable (<v), and the values of 
u solely depend upon the change that may take place in w : 
but if we have an equation between three unknown quantities, 
such as 

« = a^y - bwy^, 

where x and y are independent of each other, i. e. not con- 
nected together by any other equation; then the value of u 
depends upon the change, both of x and ^, and u is said to 
be a function of two variables ; this is expressed by writing 

As an instance, we may again take the area of a triangle 
the magnitude of which depends upon the rectangle of the 
; base and the altitude, which lines are totally independent of 
each other. 

It is obvious that there may be functions of three, four, 
or of n variables. 

• tt = l+d? + ip* + jf3 + Slc to infinity is an algebraical function of ar, since the sum 
• of the series is expressed by yzt ' 
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5. Let us however return to functions of one variable, 
and let u =f{w) express the general relation between the 
function and its independent variable w. 

Let w increase and become a? + A, then the value of u 
will most probably be altered. Let the new value be repre^ 
sented by u^^ 

then «, «/(»-» -f A), 

and w =f(ai)y by hypothesis. 

Now «, - «, or the difference between the functions of 
iv + k and 07, must depend upon A, and we shall first shew that 
it may be expressed by a series of the form 

^A+ jBA»+CA» + &c. 
or that «,=« + -<<A + Bh^ -f CA' + &c. 

where the powers of k ascend: the primary object of the 
Differential Calculus is to find the value of the coefficients 

Af By Cy &C. 

6. We will first shew that «, may be expressed by a 
series of the above form by a few particular examples. 

(1) Let u^ afl; 

.*. «, = («? + hy = a?' + Sa^h + Sofh^ + A' 
= « -I- Sa^h -f- 3a?A* + A', 
which is of the required form. 

(2) Next, let u ^ 01^; 

.-. Wi = {w + A)* = .r" + naf-^h + n ^ " ^ af'-^'h" + &c. 

by the Binomial Theorem. 
Or, putting u for a?", 

u. = u^- naf'^h + « af^^^h^ + &c. 

2 

a series with ascending powers of A. 

• A 2 
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(8) Let u = AoeT + Bar + dc^ H- &c. ; 

.-. Wi = J (a? + ^)* + 5(0? + A)" + C(a? + A)P + &c. 

^ACoT^ moT-^h + m ^^ " ■ ^^ a?«-^A^ + &c.) 

H- jfC>^ + px^-^h + j9 ^-^^ otP-^A^ + &c.) 

+ &c. 

= Asc"^ + Baf" + CxP + &c. 

+ (mAx"^-^ + nBaf'"^ + &c.) h 

^2 2 

+ &c. • + &c. 

= w + ph + g'^^ + &c. 

by writing u for its value. Aw"" -\- Baf^ + &c., and putting p, g, 
&c. for the coefficients of A, A^, &c. 

(4) It may also be shewn that a*"^*, log (o?+A), sin (a?+A), 
can be expanded into series of the form 

u + Ah'\' Bh^ + Ch\ &c. 

but we proceed to demonstrate the following general Propo- 
sition. 

Peop. If «^=/(a?), and Uy be the value of u when up 
becomes a? + A, then 

Ui ^ u -^ Ah + Uh^9 

where u is the original function, and Uh^ represents all the 
terms that follow Ah. 

(l) Ui or /(a? + A) can contain only such powers of A, 
as have positive indices. For if 

B 

Wi = JIf -I- -4 A« + Bh'P + &c. a 3f + Ah"" + p + &c. 

when A = 0, Ui instead of becoming - n^ would be infinite. 
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(2) The first term of the expansion must *= ». 

For let w, or/(^ + A) = JIf + ^ A" + &c. then let A=0 ; 

.*./(<») = w«Jlf, i.e. M^u; 

or Ux-u + Ah^ + &c. 

Let therefore t#i or /(a? + A) = w + ^A« + jBA^ + &c. 

where n is the least of all the indices of A, and j3 the next in 
magnitude, and A^ B, &c. are functions of x. 

Now whether w becomes {po + A), or A becomes 2 A, Wj will 
become /(^ -f 2 A), and the expansions upon either suppositions 
will be identical. 

(1) Let A become 2 A or A + A, and let «, be the value 
of tti; 

.•. «g=/(d? + 2A) 

= w + J (2A)« + S (2A)^ + &c. 

= w + 2«^A« +2^jBA^ +&c (1). 

(2) Let 0? become («r -h A), then w, -4, S, will be altered, 
and 

u becomes u + Ah"' -f Bh? + &c. 

-rf A + -^iA**» + &c. ; 

.-. u^ ='U + -4A** + BhP + &c. 

+ Ah^ + -4,A«+«t + &c. 

+ BhP -^ &c. 

= w + 2^A« + -4,A«+«. + 25A^+ &c...(2). 

Equating the coefficients of the same powers of A in series 
(1) and (2), 

2 ^ = 2*^ J, i. e. 2 = 2« ; .'. a = 1, 

and Wi =/(a? -f A) = w + Ah + SA^ + &c. 

whence it appears that the second term of the expansion of 
/(a? + A) contains only the^r*^ power of A. 



b DEFINITIONS. 

From this it follows that ai = 1 for ^iA'> is the second 
term of the expression for A when w becomes ^ + ^ ; and 
therefore 

t<8 = tt + 2^A + J,A^ + 2*A/' + &c. from (2) 

= w + 2^A + 2/'.BA/*+ &c (1). 

Now, since in series (2) a term is found involving h\ some 
corresponding term must be found in series (l) ; and as /3 is 
less than any index that follows it, ^ must = 2. And there- 
fore, 

«i =/(^ + A) = w + ^A + B** + Chr + &c. 

^u-^Jh + (B + Chr-^ + &c.) A' 

* 

8. The term ^A is called the differential of Uy and is 
written dui therefore du = Ah^ or writing d/s instead of A, 
for symmetry of notation, du = A . da;. 

• A is called the first differential coefficient, and is expressed 

du 
by the symbol — — , when u=f(af). 

dip 

Hence we define a differential to be the second term of 
the expansion of f{w + A), and the differential coefficient to be 
the coefficient of the first power of A. 

The process by which ^A is found is called different 
tiation. 

9. Again, since w, = m + ^A + Uh\ 

Ui — u 
h 

that is, the ratio of the increment Ux — u o{ the function to 
the increment of ^, = A + Uh^ and as A decreases, tends to 
A as its limit, and when A vanishes actually ^ A. 

du 
That is, ^ or -— is the limit of the ratio of the increment 

dx 

of the function to that of the variable upon which it depends. 
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10. Hence we have a method of finding the differential 
coefficient, that is, the coefficient of the first power of A. 
Expand /(^ + A), divide both sides by A, then make A » 0, 
and the term or terms remaining of the expansion will be 
equal to the coefficient required. This method is frequently 
very convenient. 

11. We have seen that it u he any function of or, and 
.V become a? + A, 

du 
f(x + A) = w + -7- A+ Uh*. 

aw 

Similarly, if ip, 9, &c. be functions of Xj then they will 
respectively become when w is made <r + A, 

ji + ^A + PA% 

and a+ -r^A + QA* 
dot 

where Ph? and Qh^ represent all the terms after the first 
power of A. 

12. Hence it appears that in order to find the differential 
or differential coefficient, we have merely to put <r + A for j?, 
and expand f{w + A) according to the powers of A, and the 
term corresponding to Ah will give us at once both of the 
objects of our enquiry. But' such a direct process would be 
always tedious, and often almost impracticable. 

We proceed to investigate rules which will not only 
greatly diminish the labour of differentiatumj but render 
it a simple algebraical operation. 

We will first however apply the general process to the 
function 

a + a? 

u^- ' 

6 + /p 
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a + ^ h 

+ 



a -^ x -\- h b -^ w b -k-w 



ft + a? + A h 

1 + 



6 + a? 



■( 



a + a? h 

+ 



6 + a? b '\- wj h 

1 + 



5 + ti? 



= I +1 • ^-£ +/I ^-&c. 

V6 + .2?. 6 + <2?/ ^ 6 + 0? (6 + ct)* * 

a + ^j? f 1 a + a? 1 ,^ ^ 

6 + a? (6 + 57 (6 + 0?)^ j '^ 



du 1 a H- a? 6 — a 



da? 6 + a? (6 -f a?)^ (6 + sof 

Again. Since u = , 

fe +a? 

6 — a 



/ 6 -a \ 



Wi-w 6- a 
(6 + ar)* 



and ~i^ — = 7I-7-:t-8 + P'^ + 9^^ + ^^^ 



, by Art. 10. 



da? (6 + xf 



RULES FOR FINDING THE DIFFERENTIAL COEFFICIENT. 

13. Let u^ax where a is a constant quantity. For a? 
put (a? + A) ; 

.'. u becomes w + -7- A + C7A* ; 

doo 

du 
.-. ^* + ^— A + f7A^=: a (a? + A) = aa? + aA = w + aA. 
da? ^ 
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Equating the coefficients of h, 



du d(aaf) 

-— = a, or — ; — -^ a. 
ax dw 



14. Let u ^ax ^hy where a and h are constant. 
The same substitutions being made, 

du 
w + — - A + Uh^ ^ a (x -^ h) ^ b ^ ax :^ b + ah 
dx 

s u + aA; 

du 
ax 

that IS, = a. 

dx 



But by the preceding Article, 

d(ax) 

= a; 

dx 

d {ax ^b) d {ax) 
dx dx 

that is, constant quantities connected with a variable one by 
the signs ^ disappear in differentiation. 

1 5. Let u = aaf^. Then making x become x + A, 

du 

w + Ah- Uh^ = o (a? + A)*" = a . (a?" + mx^ h + Sec.) 

CZJ7 

= aaf* + fiiaa?""^A + &c.; 



-1 ! 



dx 

or to find the differential coefficient of aaf^^ we must multiply 
by the index and then diminish the index by unity. 

du 
Ex. u = bx^ ; .•.—- = S5oi^, 

dx 
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10* Let u = ap where p is a function of (ai) ; 

therefore if of becomes (^ + h)y 

du 
u becomes u -i- -p- A + Uhr^ 

aw 

dp 

P ?^ + :j^^ + ^*'5 

aw 



u-^ -—h + Uh^ ^ ap-\- a-^-h-^- aP .^; 



du dp 

doD dw 

that IS, — = a -— . 

dw dos 

17* 1( u = ap '\- h^ a and 6 being constant quantities, 

du dp 

then —— = a , — — , • 

dw dw 

d (ap -hb) a dp d (ap) 
dw dw dx 

18. Let u^p-^ q -\-T -¥ &c. where jp, q^ r are each func- 
tions of w ; 

du dp dq dr 

.-. ^«+-7-A + &c. =p+-;^A + o + — -A + r+-— A + &C.; 

OiV ao? a^ dw 

du dp dq dr 
dw dw dw dw 

d * (p -h q + r + &c.) dp dq dr 

... — 1£ — 1^ i = _£! ^. ^ 4. + &c. 

a^ ao^ ao? aw 

Hence the differential coefficient of the sum of any functions 
equals the sum of the differential coefficient of each function 
taken separately. 
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19. Let u ^ pqy 

oa? dot ax 

dp da 
.-. where JB = P^ + Qp + -p- . 3^ ; 

diV dx 

du dq dp 

dw dw dx 

or the differential coefficient of the product of two quantities 
equals the sunk of the products of each quantity into the 
differential coefficient of the other. 

p du 

20. Let « ■» — . -— may be found by substituting the 

q dw 

values which Uy p, and q have when w becomes (<r + A) ; but 
it may be deduced in an easy manner from the preceding 
Article. 

Since t* = - , 

- du dq dp 
.-. qu^p; and?—- + «*-— = —-; 

dw dw dw 

du 1 dp u dq 
dw q* dw q* dw 

1 dp p dq 
^q'd^"^d^ 

dp dq 

dw dw 

A simple expression, the form of which is more easily to be 
remembered than its enunciation. 
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21. Let w = />gr, writing qr for q in Art. 19; • 

du d(qr) dp 

aa7 a«r dof 

^ d . (qr) dr da 

(itV aw ax 

du dr dq dp 

dx dx dx dx 

Similarly may the differential coefficient be found for the 
product of n functions, and it will be equal to the sum if 
the (n) products of the differential coefficient of each of 
the quantities multiplied by the remaining (w-l) factors. 
Thus 

dr 
+ pg«...(«- 1):7- + &c. 

dx 

22. Let u ^p""^ p being a function of x ; 

du di) 

... u^ — h-\-uh^ = (p-^J-h + Ph'y. 

dx dx 

Let P, =-^ + Ph; 
dx 

.-. {p + ^h + Phy = (p + p,hy 

ax 

=y + wp»-» PiA H- flA^ + &c. 

= p" + np""^ |-^ + PA I A -H SA* + &c. 

= p» + np«-* :~A H- np'*-* . PA' + Bh^ + &c. 
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therefore, equating the coefficient of h^ 

du ^_, dp 

d,v dx 

or, to find the differential coeiBcient of p", multiply by 
the index, diminish the index by unity, and then multiply 
by the differential coefficient of p, 

dp 
If u = (a^ + a^Y then p ^ a^ -^ a^ and -i- se S^r ; 

' div 

da? 

23. The rule for finding the differential coefficient of 
p" is perfectly general, but where w = ^, it has a value 
which it is useful to remember. Thus 

dp 
doo ^ dw 2\/p 



Ex. Let u = y/a + 6^7 + cx^ ; 

.'. p = o + 6a? + co?^; .-. -~ = o + 2Cir; 

^ du fr + 200? 

and 



da? ^y/a + 6a? +ca?* 

whence this rule. To find the differential coefficient of the 
square root of any quantity, divide the differential coefii- 
cient of the quantity under the square root by twice the 
square root of the quantity itself. 

1 du 
24. u^ —. — may be deduced from the general 

form M = jp^ ; but as its form ought to be remebibered, we 
shall deduce it separately. 
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If ti = — ; ,\ U.p* = I 



du t dp 



But up*'^ 


1 


• 




.-. p" 


du 
' dw 


= — 


n 
P' 


dp 
dw^ 


and 


du 
dw 




n dp 
p»+^ dw ■ 


.VI 


d. 






n 



Cor. If p as ^; .•. 

^ dw a?»+i 

Examples of the differentiation of algebraical functions. 

I du fi-i * 

(1) u^Sw^; .•.-—- = 3.4.0?^ ^7w\ 
^ dw ^ 

(2) w = c2?^ -I- ci?* + a? + 1, 

du ^ 

-- s Sar + 2w + 1. 

(S) M = (^ + a) . (a? + 6), 

— =(a? + a)~^ L^(a;+b).-^ — ^. Art. (19) 

dw ^ dw ^ dw 

= ^ + a + ti? + 6 = 2a? + (a + 6). 
(4) w = a? (1 + w^) (1 -h .2?^), 

- = (l+a^)(H.a^)-+.(l+^).-i^ + .(l+a:').-i^ 

= (1 +a?*) (1 +a?^) +a?{l +a?^) .2a? + w(i +a?^)Sa?* 

= 1 +3.i?2 + 4a73 4-6^^ 
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(5) ti = — = W'\ 



^« 



du . n 

.J, 1 du 1 

a? dap or 



s 4- a 

(6) « = -^; 



d(« + a) d(af + b) 

d? + 6 - (J7 -f fit) 6 — a 



(7) u^ 



(Of + 6)* (w + fc)« 



(a? + 1)~ ' 



' dof (w + !)*"• 



(^4- 1) . WOT*"*- wio?" wa;" 



-1 



(8) «:t=vTT^=TT^*, 



dt^ 



(9) « = VV+\/l + P, 

-=i(ar + vTT^) *. ^ A 

. d(af + y/\ + 07*) 0? 0? + \/l + o?^ 
and -^^ \ L = 1 + ■ = / 
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(10) u- (2aoe + ary^ 

du ^ ^^ , d(2aa} + ai^) 

-7- = w (2aa^ + cT^)'"-^ . — ^ 

doc dx 

= 2m . {2 ax + o;^)™"^ . (a H- a?). 



(11) « = 



\/a^ — ti?^ 



dx y/a^ + «r^ ' d.2? \/a* — ^^ 



^ /-= r a? 



V a^ - a?^ . — J -\- V a" -H a?^ . 



dx (a^ — «Tr) 

(a^ - d?^) a? + (a^ + .a?*) 07 
(a^ + 0?^)* {€? - <r')^~" 

20^.1? 



(a2-H.tO^(a'-^0^" 



, ^ y/l +0?+ \/l -X i\/l +x +\/l -xf 
(12) ^= . 7— = ^ 

1 + \/l - ct?^ 



— a? 



X 



dx^ x^ x^y/l -x^ 

1 + \/l-^' 

.t"^ \/ 1 — li?^ 
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(IS) w = a? (1 + ^ . \/l -a?* = (a? + or*) \/l - d?% 
= (1 + Sa^) y/l -cf 



1 + a? --^a^ 



B 



CHAPTER II. 



DIFFEEENTIATION OF CIRCULAR, EXPONENTIAL, AND 

LOGARITHMIC FUNCTIONS. 

« 

25. To find the differential coefficient of w, when 
u = sin osy cos a?, tan <r, sec a?, &c. 

The following Proposition must first be proved. 

Ti» I y sinA^ tan A , . , , 

it A be an arc, — -— and are each = unity, when A = 0. 

h h 

Since sin h vanishes when A = 0, it must depend upon the 
positive powers of h. 

Let therefore 

sin h = ah"^ + 6A" + &c. = aA« + iV'A", 

where iVA" includes all the terms after a A*". Therefore, 
writing 2 A for A, 

sin 2 A = a . (2 A)*" + iV'(2 A)" = 2™a A*" + 2"iV'A'* ; 

N 

2»i . 2" — . A"""* 
sin 2 A , ^"^ahr ^-^I'Nhr a 

.*. — : r- = 2 COS A = :; -rrr: = ^^ ; 

sin A aA"" + Nh'' N , 

1 + — A"-"* 
a 

let A = 0; .-. cos A = 1 ; 

.•.2 = 2"*; .*. m= I ; 
and sin A = aA + JVA", 

and cos A = \/\ - sin^A = v^l - (oA + NK^y =1 h &c. 

2 
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J ^ _ sin A aA + iVA" a?h^ 

and tan h = = -— = aA + + &c. 

cos A arh* 2 

1 + &C. 

2 

Now A > sin A < tan A, 

o'A^ 
or h>ah+ Nh" < aA + + &c. 

or 1 > a -h JNTA"' < a + + &c. 

2 

a+JVA""* 
But ,^, = 1, when A = ; 

a + + &c. 



a + Nhr-' , 

.'. also = 1, when A = 0: 

a , 
.'. - = 1, 1. e. a = 1 ; 
1 

• « « m^, 1 sin A 

.-. sin A = A + iSTA", and — -— = i + JVA""^ = 1, when A = 0, 

A 

J . r r ^' n J tanA A* 

and tan A = A + — +&c. and -—— = 1 + — + &c. = 1, when A = 0. 

2 A 2 

This Proposition is frequently proved in the following 
manner. 

It is proved, see Trigonometry, Art. 53, 

that A > sin A < tan A, 
or A lies between sin A and tan A. 

If therefore 

sin A sin A , tan A 

- — 7 = 1 ; .-. also — — = 1, and = 1. 

tanA A A 

sin A COS A 1 

Now = = - = 1, when A = 0, 

tanA 1 ] 

sin A tan A 

•*• ~7~ and — ~ — are also respectively equal to unity. 

B 2 
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26. Let u s sin x. 

For a?, put a? + A ; therefore u becomes 

aw 
and u ■\- -r-h-^ Uh^ = sin (a? -h A), 

and u = sin .a? ; 



du 
.*. -7— A + Uh^ = sin (a? + A) - sin x 
ax 



= 2 cos 



/ h\ . h 
I ti? + - . sm - . 

V 2/ 2 



Since sm ^ - sin 5 = 2 sin . cos 



2 



h 
, ^ , ^ sin - 

.-. - — I- Uh = cos 
ax 



sin 

V 2/ A 



and making A = 0, 



. A 
sm - 
2 
• • •»_» = 1 

• h ' 

2 

du 

--— = cos tT, 

d . sin <v 

or — = cos X. 

dx 



27- u = cos w ; putting a? .+ A for x, 

du 

u + -7~ ^ + f^A^ = <^^s (x + h) ; 
dx 
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du 
.*. j~ A + Uh^ = COS (a? -f A) - COS a? 



= - 2 sin ( 0? + - sm - ; 

V 2/ 2 



.*. ^— + c/ A = - sm Lp + - I — , 
dof \ ^1 h 

2 
and making A = 0, 

du df . cos\v 



dx dw 
38. u s tan ,r ; 



= — sin a?. 



du 
•. ^ + T~ * + f^** = tan (a? + A) ; 

•*. "T" * + ^A* = tan (a? + A) - tan a? 
dx ^ ^ 



tanA (l + tan* a?) 


1 - tan a? . tan A 


tan A (1 + tan^ w) 



du 

• • -=- + Uh^ -— ^ . ^, 

a^ A l-tan^.tanA 

make A = 0, tan A = 0, and = l. 

A 

du d . tan w 1 

= 1 + tan* a? = sec* a? = 



dof dx cos*^ 

1 



29. t^ = sec J? s= 



' » 

cos X 



.*. by differentiation, 

— d . cos a? 
dw dx + sin J? sin .a? i 



dx (cos a?)* (cos xy cos J? ' cos ^ ' 

d . sec X 

or — ; = tan a? . sec x. 

dx 
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30. u -V .siiiof = 1 - COS 0} ; 
du d . cos <r 



dw doB 



= sin a? = v2w - w*. 



cos cT 

31. w = cotan x = -; , 

sm w 



d . cos OG d sin <r 

sm (V . :: cos x . 



di^ da? da? . (sm a?)^ + cos a? 



da? (sin a?)^ sin a? | 

= = - (cosect ocy^ = - (l + cot a?p). 

(sin od)^ 



32. u = cosect a? =— : — ; 

sm x 

d sin a? 



du dx — cos ^ ^ ^ 

„ = — cot X cosect X, 

dx ~ '^ 



sm a? sm a? 



33. Hence collecting the results. 

li u = sm a?, — — = cos ,r, 

da? 

di^ 
u = cos a?, -— = — sm a?, 

da? 

du , y . 1 

1^ = tan a?, --- = (l + tan'' x) = 



da? cos a? 

dt^ 

u = sec a?, -r- = sec a? . tan a?, 

da? 

dw 
t^ = 1? sin.r; .*. -—- = sin a?, 

dx 

du , « V 1 

u = cot ci?, -_ = - (1 + cot'' a?) = - -7-7~ y 

d** sm^a? 

du 
u = cosec a?, --— = - cosec a? . cot a?. 

da? 
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34. Next, let u = sin p, where p is a function of ,r ; 

. •. (w + 3^ ^ + CTA*) = sin (p + 4^ ^ + PA*) ; 

du dp 

.". -T" * + '^A^ = sin (p + -il A + Ph^) - sin p 
dw dx 



( dp h Ph\ . (dp h PA*\ 

= 2 cos p + -r- -+ — xsin~--+ . 

V rfd? 2 2 y Vd^ 2 2 / 

But by Art. (25.) sin A == A + &c. ; 

. /dp h PA*\ dp A PA^ 
.-. sin -i- - + =-£!-.+ + &c. 

Vda? 2 2 / da? 2 2 



dtt^ ^r.2 / ^1^ A Ph\ dp h Ph' ^ \ 

•. — 'A+ frA* = 2 cos p + :r- - + -r- - + + &c. ; 

da? V da? 2 2 / \dw 2 2 7 

.-. -— + CT^A = cos p + -i- - + ) -^ + PA + &c. . 

d.v \ da? 2 2 / \d«r / 



Make A = ; 



du dp 

— =cosp.— 
da? dtV 



35. i^ = cos p = sin (90 - p) = sin ^ ; 

du «^9 / X d(90-p) 

dp 

= — sm p . -— . 
da? 

«i^ sin p 

3o. w = tan p = ; 

cos p 

cos^ p . -— + sin> — - 
dw da? da? dp cos** p -f sm^ p 

' dtV (cos p)* da? cos^ p 

dp 1 dp 



da?'cos^p da* 



. (1 + tan^p). 



I '■^ 
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Similarly, if w = seep, -— = seep . ianp . -p- , 

doff dw 

du dp 

u = v smp, -— = sinp . — - , 
da? dw 

du , o V ^P 

u = eotanp, -—- = - (i + corp) -7- 9 
dw dx 

du dp 

u = eosec 0, —— = - cosee p — eot p . — - , 
dw dw 

1 37. To find the difFerential eoeffieients of the are in 

terms of the sine, eosine, tangent, &e. 

Before we do this it will be necessary to shew that if 
umsf(w) and a?=/"^(w), where f~^ is termed the inverse 
funetion. 

du 1 

dw dw 

du 

Let u=f(w)9 and when w becomes (<r + A) let (w + m) 
be the value of (u) ; 

du 
.-. w + w = w + -r-A+ Uir ; 

dw 

.-. m = ^A+ Uh' (1). 

dw 

Let now w be required in terms of (w), or w ^/'^(u); 

dw 

,\ a' + A = ^ + T" *»* + ^nr ; 

or A 5= -— w + -ATw* ; 
therefore, by substituting for h in equation (l), 



m 



du dw ,^ .du _^ /da? \ 

dw du dw \au ' * 
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Equating the coefficients of (m), 

du dx ' 
dw du^ 



, . dw 1 
that IS, — - ~ 
ax ax 



du 
Ex.* When u =» sin"*a?, cos*^^?, tan"*^, &c. find 



du 
dx 

(l) ti = sin"* 0?; .*. o^ssint^; 

dx 

= cos t« =r y/\ - sin* u = y/l - ^*; 



dt« 



du 



"da? d^ vT^-~^ 
dt^ 

(2) tt = cos"*a7, or ^ a cos tt ; .*. ^— « — sin w ; 

dt« 

du 1 1 



do? sinu y/l — a^ 

dx 
(3) u = tan-^ar ; .. ^ = tan u ; .•.—- = (i + tan* u) ; 

du 

du 1 1 



dx 1 + tan' u 1 -f ^ 

• X _, d^ 

(4) u = sec */r ; .*. a? = sec u ; .•.-;— = sec u tan u ; 

du 

du 1 1 



dx sec u tan u xy/a^ — 1 



* By « = sin-^ jt is meant, u is an arc whose sine is .r. Similarly, u=:tan-' a:* is an 
arc (u) of which the tangent is x ; these are called inverse functions. Thus, if u = log x^ 
then tt= log— ^ X expresses that {u) is a number of which the logarithm is x. 
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(5) w = cot-^a?; .-. j?=cott*; .•.—=- (l 4- cot* w); 

dw ^ 1 3^ 

* ' da? "" 1 + cot^ w 1 + 0?^ 

da? 
(Q\ «^ = cosec~'a?; .-. <r = cosecw; .•.—-= -cosecf^ .cot t*; 
/^ ^ du 

du -I 1 



d,i? cosec t* cot w a; y/ od^ — 1 

(7) ^^ =r V. sin"^a?; .*. a? = vsin . «^; 

da? . /- 5 rf«* ^ 

.-. — = sin«* = V 2a? - a?**; ••3—= /z ^* 

dz^ rf**? V 2a? - a?^ 

Hence recapitulating; 

d.sin~^a? 1 



d. cos"^a? — 1 

da? ^/i - a?^ 

d.tan'^a? 1 

dx ~ 1 + a?^ ' 

d.sec"^a? +1 



da? coy/ (J^ —1 

d. cof^a? - 1 

dx " 1 + a?^ ' 

d.cosec"^a? ~ ^ 



da? wy/aP — 1 



d . 1? sin" a? 



dx y/^w — a?^ 



38. Again, if 1^ = sin"^ - ; 
° a 

a? 
.•• - = sm 2^ ; 
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= a \/ 1 - -- as y/d^ - a^ ; 



-— = a cos w „ ^ . 



c2t^ 



dx dw -y/V=V* 
(1) Siimlarly, if w = cos"^ - , 



o do? y/«a _ ^ 



(2) If M = tan-* - ; 

a 

w 
,\ — = tan Uy 
a 



= a (1 + tan** «*) = « 1 1 + -s I = ; 

\ a J a 



and — 
du 



du a 



dx c? -\- c^' 



d 
Or - 



■(•'"-;) 



dw y/ €? - 0^ 



■(f) 



d . cos" 

- 1 



dco y/ d^ — a?^ 



rf. (tan-* -J 



a 



rf. (sec-*-j 



a 



and similarly, , ■= / _ 

aa? xy/ or ^ or 

These expressions should be carefully remembered. 
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EXPONENTIAL AND LOGARITHMIC FUNCTIONS. 

^39. « = «-, find -. 

dof 

du . . r 

... — ^ + f7A' = a*, a* - a* = a* (a* - 1) ; 
dw 

and a*={l.f (a -!)}*= l^^(a-l) -f ^'^^"^^^ (o - l)* 
.-. a*-l = A.{(a-l)+-^(a-l)» + ^— ^^^ -^ (a-l)»+&c.}; 



/a* - 1\ , , ^ A - 1 ^. 



O Q I ' 



"*" 2.3 

Make A - ; 



where J = (a - l) - ^ a-l|* + ^ (o - l)^ - &c. 

Cob. Let e be that value of a which makes ^ = 1, 
or (c-i)-^(c-l)2 + ^(c-l)3-&c. = l; 

e is found to be = 2.71828, &c. and is the base of the hyper- 
bolic system of logarithms. 
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40. Let u as a', where p =/(^) ; 

dw ^ ' 

=: a' + J a' . -^ A + J a' . PA« + &c. 

dtt . « dp 
.-. — - = Ja'.-^. 

Cor. if ^ s 1, and .•. a^e\ .'. ■- — = «''.-—. 

diB 

41. tislog^; .-. j? = a*; .-. — = Aa* ^ A .x; 

du 

du ^ I 1 1 

dx dw A w 
du 

du 1 dw 

If the base be (c), -4 = 1 and -— « — , or d . log ^ = — . 

dw w w 

« 

42. ti = log p ; .'. p = a* ; 

. ^i' . ^ dtt d« 

ad? dw dw 

d . log (p) 1 dp 
d^ 



Jp 


dw 


dp 


1, 


d . log (p) 
dw 


dw 



If J = l, 

or the difPerential coefficient of the logarithm of any quantity, 
is equal to the difPerential coefficient of the quantity, divided 
by the quantity itself. 

43. The rules deduced in the preceding pages will be 
found sufficient to find the differential coefficient in every 
example of the equation u=f(w). Sometimes, however, the 
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labour of differentiation is considerably abridged by the sub- 
stitution of («) for some function of oc ; let us see what will be 

the value of — — , when this supposition is made. 

Let u become /(«) where z = (p{ai)^ 
and \et % -\' m be the value of x when x becomes x -f h. 

Then since w is a function of oc as well as of z^ the 
value of u will become 

du 
dx 

du 
and /(«) becomes u + ■— m-\- Zm? ; 

d% 

.-. —h^Uh^^'^m-^Zrn!' (l). 

dx d% 

But sf + w» =/(^ + A) =« + ---^-fZiA*; 

dx 

d% 
dx 

d% 
where Zih^ represent the terms after -r—^h^ 

dx 



du d% du » fdz \ ^ 

h+Uh'^^.^h+-y^.Z,h'+Zl—h+ZM , 

dz dx dz \dx / 



substituting this value of m, in equation (l), 

du _ du dz . du „ ,„ „fdz 

dx 

equating the coefficients of h^ 

du du dz 
dx dz dx 



Ex. Let u=^2az -^bz^^ where ^ = \/l + .t?*, 

du , ^ dz w 

= 2a -h 2o^, and 



dz dx y/i ^_^' 

du 2{a -^-bz) .X 2(a+b\/l +x^)x 
dos -x/i + x' \/l +j?« 
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EXAMPLES OF DIFFERENTIATION. 

(1) «< = sin 3tV . cos 2.r, 

du 

-— = 3 cos 3a; cos 2a? — 2 sm 3jff . sin Sa? 

da? 

= cos 3a? cos 2a? + 2 (cos 3a? cos 2.i? — sin 3x sin 2a?) 
= cos 3a? cos 2a? + 2 cos So;, 

(2) w = sin (cos Of) = sin «, if iir = cos a? ; 

'. -7- = -r- • -r- = cos ar . ( — sm 0?) = — sm a? cos (cos a?). 
dw dx do) ^ ^ 

(S) \a = sin~^ ,. = sin"^ ;{?, if «r = 



da? y/\ - <^' 

0?^ 



\/l -0?* + 



d« \/l -a?^ 1 



da? l-a?2 (l-a?*)i' 



a/i-«^= Vl - 



0?^ 1 



1-0?* \/l-a?2' 
du 1 

• _^_^^_ VMM 

dx 1 +a?* 

(4) u = h. 1. (a? -f \/l + a?*) = h. 1. ^, 

d^ 

du dx 

*' dx'^T^ *"^ % = x + \/l +x'; 



da? vl -h 0?* <\/l+a?^ \/l + .r^ 

du 1 

do? v/i + x" ' 
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(5) w = h.l. (ay-fl + \/2^T^) = h. 1. {ia?H-H-\/(^+l)*-l}> 
whence, from the last example, 

du 1 ^ 1 

rf<i? \/(a? -I- 1)* - 1 \/2w + a^ 



(6) t. 



^h,L/g±!-"^h.l..-.=i 



\/a^ + 1 + a? (\/^^ -I- 1 + a?)* 

= - 2 h. 1. (\/^TT + 0?) = - y , by Example (4). 

(7) « = h. 1. J = h. 1. 0? - h. 1. {\/ (j^ -I- 1 + a?) ; 

Vaf^ + 1 + d? 



(8) w = h. 1. J , — - = / . 

V a^ +1 + 1 ^^ ^ V/P* + 1 

(9) w = log^|"; .-. ^=^0og^)""*-. 

(10) w = log (log it) = log » ; 

du du dx I 1 1 

dw dx dw x' OB X log X 

(11) u^w^^'^^^afy suppose. 

dt^ 1 d» 1 

nA.u^xn,Lw\ .*. -p-.- = -7- log a? + jir.— ; 

ad? t^ a/r iv 

du ix dx . 1 

.*. -;— = a?* <— + — - . log IB} . 

oa? (<» dx j 

dt* . , . 

If x-Xy — = ^p* |1 + logayj. 

(12) t« = ^% is? and V being functions of x, « 

du 1 di7 dx 1 

hA.u = vh.Lx; .*. -r— . - = -— . h. 1. «r + v . ■— - • - ; 

dx u dx dx X 
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du . (dp , , V dz\ 
•. 3- - ;?*{—- h.l.«f + -.-—}. 
ajp [dap z d.T} 



Let z B sin ^, and v = cos .r ; 

du 
d4? 



I COfl J? I 

*^*<- sin J? h.l. sin^ + -; > 

[ sm ^ j 



(13) u^e'^'^e'y if JK^e'; 

du dz ^ ^. 

OtP dtV 

mm 

(14) u s JiT^ , where z^ t?, and y are functions of ^. 
Lfet n^atr, ; .-. «/««?"«, 

and — - e ar I ^h. I. z,—- + —.-7-7. 
ojr [ dw z dx] 

But ..«..«.; .•.^ = .v/h.l.„xfl^+?4n; 

dot \ d'V V dx] 

oA' J \ dx V doDj z dw] 

•» « f , , , , dy y ^ ^ dv 1 rf«l 
( ad? f> d,v z dz) 

(15) f^s h. I. tan/r; 

du 1 + tari* a? sec* a? 1 2 



del? tan tV tan «r sin a? cos w sin 2 ^ 



(16) u 



= h.l. ^/^^^^^ 



1 — sm J? 



cos - + sin - 1 + tan - 

h.l I i = h.i. ? 

W , X X 

cos sin - 1 — tan - 

2 2 2 

h. L tan ( 45 + - ) = h. 1. tan «r, if » = 45 + - ; 

\ 2/ 2 
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du 



2. 



dx 
dos 



1 



dw sin 2 % sin (90 + x) sin (90 - w) cos w 



(17) w 



-V 



1 - cos ^ - , a? 
= h. 1. tan - ; 

1 -I- cos cT 2 



du 



i- = 



0? 

sin 2 . - 
2 



sm a? 



(18) w = h. 1. (cos X -f- -v/- 1 sin a) ; 



diV 



— sin ^p H- V— 1 cos 0? y cos X -h 



cos 



X + v — 1 sino? 



= yr 



•« 1 sm ^ 



cos 



J? + v- 1 sin a? 



-1. 



(19) w = 



V^a* - 6« 



.cos 



_j /b + a cos a?\ 
\a + 6 cos 0?/ ' 



Let % = 



6 -I- a cos X 

• 

a + h cos X ' 






1 



-d» 
dx 



y/d'-^b's/x^f^' 



But - — 



1 - 



^ a sin 07 . (a + 6 cos a?) ^ 6 sin <r (6 + a cos ct) 

(a H- 6 cos xf 

(a^-b^) . sin ^ 
(a + 6 cos a?)'* ' 

'6 + a cos x\ ^ 






b cos a?. 



(a -I- 6 cos a?)^ - (6 + c cos xY 
(o + 6 cos a?)* 

(g' - y) - (a* - 6=) cos* /r , (a« - 6«) sin* -r 
(a + 6 cos 0?)^ (a + 6 cos xy 



^ ' 
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A y/ff ^V ^ sin X 

a + o cos Of 






dx 
dx 




a + ft.cosd?* 



and .*. 



du 
dw 



1 



:& ■ 



dx_ 
dx 



\/tf--6* Vl -ar- 



fl + 6 . cos X 



c 2 
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SUCCESSIVE DIFFEBENTIATION. MACLAUBIN''s THKOEEM. 

44. Ip- w =/(a?), --- the difPerential coefficient may also 

. du 

be a function of (^), suppose it to be equal to p, or that — =p\ 

then p is also capable of being differentiated, and — will be 

the differential coefficient ; this again may be a function of a?, 

or -— may = ^ a function of a? ; then q may be differentiated, 

and so on. 

du 
This process is called successive differentiation, and -—, 
, , da; 

-j^ , -^ , &c. are called the first, second, third, &c. differential 

coefficients. 

A convenient notation is readily found. 

du 
Since p « -— ; 
ddp 

dp ' \daf) , . , . . d"u 
.'. gr e -~- = which 18 written -—r; 

dw doo doB^ 

indicating that the function (w) and — — have both been dif- 

ferentiated. The third differential coefficient or — 

dx 



^u 






doB ds^ 

d^u 
and the n^ differential coefficient is written -; — 

dx" 
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Ex. 1. Let tt««* + j;* + «* + « + l, 

du 

. . -— - «»4«* + 3«*^2ar + 1, 
div 

d^u * 

-—r «S. 4a?* +'2. 3d? + 2, 
dor 



daf' 


= 2. 


3 


. 4a? 4- 2 . 


.3, 


d'u 
da:* 


= 2. 


.3 


.4, 




dor" 


= 0. 









Ex. 2. Let « = - = 0?*', 

d? 



do? 


- 


-or: 






= 


2af" 




1 « 


— 


-2, 


. Sor-* - - 



2.3 



da^ ' 0?* 

d*tt ,2.3.4 

-r^ c= 2 . 3 . 40?^* = r^- 

da?* a?* 



.. . -r— = (-1)''2.S.4.5 .•• n.o?-^"+*'. 

dai'^ 

45. If f« caD be expanded into a series of the form 
w = J( + Bw -I- Ca^ H- Da?' + Eaf*j &c. 

where ^, B^ C, &c. are all constant,, to find these coefficients. 

This is Maclaurin's Theorem. 

Since u=^ A + Bw + Cai^ -f Dar^ + Ex* +,&c. 
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Then by successive differentiation we have 

-— = 2C + 2.3Z>a? + S. ^Ea? + &c* 
dor 

- = 2.3.I> + 2.3. 4 JBo? -f &c. 



dx 
d'u 



= 2.S.4jB-|- &C. 



da?* 
&c. = &c. 

Make a? ^ in these several equations, and let U^^ U^ U^ $ 

du d?u 
Us, &c. represent the values of w, -— - , 3-7, &c. on this sup- 

dw dx 

position ; 

1.2 

(73 = 2.3.2); r.D^U^ , 

2.3 

E^ Um, . , &c. « &c ; 

2.3.4 

<l»8 <|i3 i|»4 

Cor. The general term is obyiously m U^ . . 

1 • 2 • 3.«« fl 

(I) « = (j? + o)* ; .'. f7o = a*, i. e. when a? = 0, 

du 



dx 

d»w 

dc^ 



= 4.^+a|^; .*. f7i = 4a'j 



= 4.3tr + a|*; .-. I72«3.4a% 



= 2.3. 4(07 + a); .-. 173 = 2.3.40, 
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---« 2.3.4; .•. (74 « 2.3.4, 

dar 

iftt 



da" 



»0; .*. CT'ftsO, and (7e, CT?, bcallsO; 



.'. u = (a? + a)* a a* + 4,a?m + -^ a'^^ + — — '—aa^ + -^ — —of* 
^ 1.2 1.2.8 2.3.4 

« a* + 4a* jr + 6a*a!* + ^aa^ + a?*. 

(2) Expand (a + 6a? + c^)% 

tf s (a + 6^ + Cd?*')* ; .-. Uo « a", 

du 

— «n,(a + 647 + c^)""*(6 + 2c^); .'. t7, -nfta""', 

T-T«n (n - 1) (a + 6«r + ciT*)*"*, (6+ 2c*r)*+2cn. (a 4- 6a? + CO?")""' ; 
.-. tr,«n.(n - l)a"-*6* + n.2c.a""S 

— = n . (n - 1) . (n - 2) (a + feo? + c«*)*-' (6 + 2c.r)' 

+ 2n . (n - 1) a +647 + ca?*|*~*2c.6+2ca?| 
+ 2c . n (n - 1) . (a + feo? + ca^Y'^ (b + 2ca?) ; 
.-. (7, = n (n - 1) (n - 2) . a*-«i^ + « . (i» - 1) a""* 6c, 
&c. s &c. ; 

.'. (a + 6a7 + cj?^)* = a* + na*"'*6a?+ {n.^ ^.a*''*6"+nii*~^c}a?' 

2 

/nJn^)(n-2)^..3^ ^ ^ ^^^ 
^ V 1.2.3 ^ ' / 

+ &c. 

« 

(3) Expand sin a? and cos w in terms of the arc («v). 

If t« s sin ^, If ti « cos w, 

, , </t« du 

then -— « cos <r, -— = — sin a?, 



4K V.XBAH&10X :OF 





d'u 

= COScT, 

do?* 


d*« 

s= — COS w* 


■— - =+sin x^ 
dar 


• 


d^u 

-— - = cos ,Vy 

do}^ 


&c. = &c. 


&C. s &c. 



after the 4^^ differentiation the values of the differential 
coefficients recur. 

Now make ti? = 0, then in the series for sin a?, 
f7o = 0, f7i=l, f7, = 0, f73=-^ U^^% J75=4-l, &c. 
and for tlie cos w^ 

f7o=l, 17i = 0, f72 = -l, (78 = 0, C74=l,&c. ; 

. •.• sin ^ s= ^ -I &c. 

and cos a? = 1 + &c. 

1 .2 2.3.4 

(4) Similarly, if t^ ^^ tan j?, we may find tan at in terms 
of X, 

But inore readily in the following manner*, 
let u as tan w ^a^w + a^x^ + a^x^ + a-a?' -1- Sec. 

.'. 3- = (1 + tan*<r) » aj + SogO^ + 505^?* + la^,w^ + &c. 
»^ 

But 1 +tan*d?= 1 + {a^w -\- c^a^ -1- a^ar" + &c.)^ 

= 1 + a? A-* + gajOga?* + (03 -f 20,05) .a?" + &c.r 
therefore equating coefficients of the like powers of d? 

* That tan x can only involve odd powers of {x) may be thus shewn : 
Let taft or = OiOr + 6,4f* + a^afl + i^.H + cr^jf* +'^c. ; 
.'. tan ( -x) =-«,* + b^x* - a3.a'3 4. d^x* - Ajo?* + &c. ; 
.*. tan4r-tan(-dr) = 2aiX + 2€^x* ¥ 2asx& + &c. 
But tan (-4^)=:- tan (or); .*. tan j: - tan (-<r)=2tan<r; 
.'. tan x=iaiX i- a^x^ + 05*6 + &c. 
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s 1 

ai« 1, 3assa, ; .-. a,*-, 

3 

« 

^ S.5 3.5.9 8.5.7.9 

.\ t* a a? + + + + &C. 

1.3 3.5 3,5.7.9 

(5) t* « sin"* 4», whence if ^ » 0, f/i « sin"* « 0, 

dw 1 --.-i ^ 1 , 1.3 1.3.5 ^ ^ 

rf^ \/T^ 2 2.4 2.4.6 

but from Maclaurin'^s Theorem, 

du tV nf o? x^ 

— = t7i + 2 (Jg . + 3 (/a . + 4 (T* • -H 5 CJa . + & c . 

iut \.% . 2.3 2.3.4 2.3.4.5 

Equating coefficients of the same powers of ^; 

SfT. I 
.-. J7,= l, (7, = 0, ^-j = -; ••• f^3«l, 1^4 = 0, 

'^'^ '••', 17,= 1.3% f7, = 0, 



2.3.4.5 2.4 

71^7 1.8.5 

2.3.4.5.6,7 *2.4.6 



» •'• ^1 — 1 » 3 m 5 9 






^ 1.3V l*,3».5^d?^ 



.'. sm ' d? = 0? + — ^ — + + __ — .fee. 

1.2.3 1.2.3.4.5 Z. 2. 3. 4. 5. 6. 7 

1 ^^ 1.3 a/* 1,3.5a?' 

= 0? + . — + ^.— + ::.— + &c. 

1 .2 3 2.4 5 2.4.6 7 

the general term of which is obviously 

1.3.5....(2»-3) OT^"-* 
2.4.6 2w-2 *2»-l* 
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By this series, the length of a circular arc may be found ; 

thus, let sin~*a? = SO; .*. cr = -; 

2 

n 1 1 1 1.3 1 ^ 

.-. 30° = - + . + . 4- &c. 

2 1.2 3x8 2.4 32x5 

(6) The same series may be thus obtained without the use 
of Maclaurin^s Theorem. 

Let u = sin*"* a? =r aix + d^a^ + a^of^ + a^aP + &c. ; 
for that sin'^d? cannot contain even powers of <r, may be proved 
by the method used in the note. 

Differentiating 
du 1 



dof -x/l —c^ 



s= Oj + 303^?* + 5a5^ + 707^ + &c. 



1 1 « 1-S ^ 1.3.5 ^ ^ 

But / = 1 + - a?* + -— - . or + — — -r^ + &c. 

y/l-w^ 2 2.4 2.4.6 

equating coefficients, 

1 11 

£1] ~ 1, 303 = -; .'. *^ =="•"> 

2 2 3 

1.3 1.3 1 

'^ 2.4 2.4 5 

1.3.5 1.3.5 1 

' 2.4.6 ^ 2.4.6 7 

. , 0? 1 d?^ 1.3^* 1 . 3 . 5 ar' ^ 

.-. sm"*^ = - + -. — 4. . — . -H -.-- + &c. 

1 2 3 2.4 5 2.4.6 7 

(7) u = tan-*^, a? = 0, Uo = tan"* = 0; 
dt« 1 



do? 1 4- a?* 



= 1 - j?^ + a?* - a?* + &c. 



^^ ^,,^ 3^73^^ 4C7,a?« 5f^vi^* 
' ^2 1.2.3 2.3.4 3.4.5 
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2 



u. 



2.3.4 



= 1; .•. {J^B 2.3.4, be. &c. 



2 air 2.3.4(ir 

.*. w = d? + — &c. 

or tan"* w^w H &c. 

3 5 

a series for the arc in terms of the tangent. 

« 

46. Hence may be found approximate expressions for the 
length of the arc of a circle. 

Let J? 3= — ; .'. tan — = 1, 
4 4 

and - = 1 — + + - + &C. 

4 3 5 7 9 

Again, since — « tan"* - + tan"* - , 

4 2 3 

.1111 1 
and tan'* -as •-;; + : - &c. 

2 2 3 2* 5.2* 
1111 1 

Machin having found that 

'^ , 1 . 1 1 

- = 4 tan"' . — tan"* . — , 

4 5 239 

invented a series which is rapidly convergent. 

The formula may be thus proved: 

let A « 4 tan"* - = 4o. 

5 
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But tan A = tan 4 a = 



4 .4 
4tana — 4tan^a 5 125 



1 - 6tan^a + tanV 6 1 



4(125-5) 4x120 120 



625-150+1 476 119 

120 
-1 



>1, 



^^ tan^-1 119 1. 

and tan (A - 45°) = — - = — = — ; 

^ ^ tan^ + 1 120 239 

— + 1 
119 

.-. ^ -45<* = tan"^ — ; 

239 

.'. 45" = 4 tan"* - - tan-' — 

5 2$9 



fl 1 1 1 1 \ 

l239 3 (239)» 5 (239)* j 



47. The logarithm of (a?) cannot be found by Maclaurin'*$ 
Theorem, since if «r «=0, Uq, Ui, fJg, &c. become infinite: but 
u = log (1 + a?) may be easily found. 

Suppose the logarithms to be hyperbolic, i. e. let ^ s 1. 
t^ = h. 1. (1 + a?) ; .-. ITo = h. 1. (l) = 0, 

o<r 1+0? 
by division. 

But from the theorem^ 

^^ wr TT ^8'^ ^4^' UiOf* 

—-=: Ui+ C/a*' + + .+ + &C. 

da; S 2.3 2.3.4 



COMPUTATION OF LOGAftlTHMS. 45 

therefore equating coefficients, 

J7i«i, 17, = -1, J7s=+2, 1/4= r 2. 3, 1/5 = 2.3.4; 

, 2^ 2.S/r* 2. 3. 4a?* 
.•. u = loir (1 + a?) = a? - ar + + + &c. 

®^ ^ 2.3 2.3.4 2.3.4.5 

a?* a?* J?* or* 

a=J7 + '— + &C. 

2 3 4 5 



Cor. Had (a) been the base of the system, then 

du 1 
dof 



= — . , where J = (o-l) - ^a-l|* + ^o-l|*- &c. 

1 a^ a? 

and log (1 + /r) « 2 (* - ^ + 7 - &^) 

= 2 hyp- log. (1 +^). 

Hence, if we know the hyp. log. we may find the log to a base 

(a) by multiplying the hyp. log. by — . The factor — is 

called the modulus, 

48. The series for log (l + w) does not converge, and is 
useless in actual computation ; but from it a number of series 
may be derived which are rapidly convergent. 

Let (- a?) be written for w in the series for log (l + a?) ; 

, . ^ a^ ar^ w^ a^ 

.*. loff (1— tr)=— ,r &c. 

® 2 3 4 5 

subtract this from log (l + ^), then since log a — log 6 = log - , 

h 

1 -a? N M + N 
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Suppose ilfs=iV + »; ,\ M + N - StN + » ; 

and finally, it x ^ \^ 

a formula from which logarithms may be calculated. 
Thus, since log 1 » 0, 



log 2 = 2 



log3 = log2 + 2{i + i.i + i.i + &C.}, 
log 4 = log S + 2 |1 + ^.i + J. i + &cj, 

&C. &C. 

49. Expand a* in ascending powers of w. 
^ = ^.a' •. 17.-^ 



^A^a' •. U.^A^ 



^Zk^A^a' •. C>8 

dor 

s^-^' -^-^ 



• 



~d^ 



^ A^ n* • IT ^ A* • 



A^a^ A^a? A' a* „ 

.-. a* = 1 + ^/r + + + + &c. 

1.2 2.3 2.3.4 

where ^ = (o - 1) - ^ (a - l)* + ^ (a - l)^ - &c. 



CALCULATION OP LOOAftlTHIfS. 4fJ 



Cor. 1. Let 11? = --, or Aa: = 1 ; 

A 



.'. a^ = 1 + 1 + i + + + &c. = 2.7182818, &c. .'. « e. 

* 2.3 2.3.4 

1 1^ 1 1^ t ^ log a 

.\ — h.l. a^h.Le; .\ A^ r-^S— ; 
A log e 

log a 



... (a-i)-^(o-i)« + ^(a-l)»-&c.= 



loge 



Hence in the system of hyperbolic logarithms of which the 
base is e, 

logc 



J*(e-l)-|(e-iy + ie-T|'.&c..:j^-l, 

, a^ a^ w^ ^ 

and e* « 1 + a? + + + + &c. 

1.2 2.3 2.3.4 



Cob. 2. To compute A. 

i 1 

Since c = o-^ ; .•. c"**^ = a, and e'^ = — ; 

a 



.-. -^ 



log (~) in the Napierian system. 



a^ afi a^ 

Now log (1 + 0?) = ^? + — + — + &c. 

234 

for 1 + ^ put n ; 
.-. log n » (n - 1) - ^ (« - 1)* + J«-lp - &c. ; 

■■■— ^a)-^')-*(-:-)'Ha-r-= 



or 



-(^)^ir-i^)'H-(^)v- 
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Let a = 10. 

A = (.9) + \ (.9)' + \ {'9f + &c. = 2.302585 

, 1 
and — = .43429448. 
A 

This is the number by which we must multiply the Napierian 
logarithms to obtain those calculated to a base IQ, or Brigg''s 
logarithms. 

50. In the expansion for e* 

or e* = 1 + a? + — - + + — — — + - ^ ^ , ^ + &c.; 

1.2 2.3 Q .3 ,4f 2.3.4.5 

put successively for cT, a?v — 1, and — a?v — 1; 

.-. e'"^^ = 1 + a?v^ + + &c. 

2 2.3 2.3.4 2.3.4.5 



ar^ aPy/Z^ a?* a^y/Z 



g-*V^ = 1 ^afy/" 1 + — + -^ &c. 

2 2.3 2.3.4 2.3.4.5 

by addition and then by subtraction. 

s^ of' 

esyT^i ^e-^"^'^ =2 jl + &c.? « 2cosa7... 

* 2 2.3.4 ^ 

gj?V^i -^-*V3i . Qy/^i {iff + -J — &c.} 



= 2 V — 1 sin a?. 

Again adding and dividing by 2, 

e^"^^^ = cos .a? + \/— 1 . sin ^r. 
Also by subtraction and dividing by 2, 
^-* V^i = COS a? - yCTT sin /v:. 
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t/OK. 1 . lience cos x « 

and sm a? = 

2\/-l 



an a? « ^^^— j^ e*'^^^ + e-'^^^ " \/^ \^^x V^ ^. i j ' 

CoE. 2. These equations have been proved independently 
of the value of (a?), we may therefore put mx for j?; 

.-. cos mx + v"'-^ sin «i^p = e^x'^f^i s ^xv^" 
= (cos X + v^ sin a?)*, 
the formula of De Moivre. 



51. By Art. 47, 



tt* «' «^ 



log (1 + f/) « u -H + &c. ; 

2 3 4 



.-.log 1 -H - « tt-» + -— + &c. ; 

^ \ uj 2 3 4 

" ^""^ If ^^ll = log «^ = (^ - «*"') - i ("' - «*"') 

+ ^ (m' - w-'*) - &c. 
For u write ^*^^ ; .•. log w = a?\/ -1; 

= 2 v- 1 {sin a? - ^ sin 2a? + -J sin So) - &c.} ; 
.-. — = sin a? — i sin 20? + i sin So? - &e ; 

2 2 3 

therefore, differentiating, 

^ =s cos a? — cos 2.1? + cos 3.1? — cos 4a? + &c. 



D 
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g^V^ coso? + v— 1 sina? 

62. By division, = = ^*V^ = /-V ■ ' 

J g-«v^ cos 0? — V — 1 sm a? 

1 + \/— 1 tan ^ 
1 — v — 1 tan a? 

2j?\/^- h.l. (l +\/^ tana?) -h. 1. (l - \/^tana?). 
. But h.l. {(1 +«)} -h.l. (1 -w)«2 {w + — +— + &C.} ; 



.-. 2a? \/^ =2 {\/- Itan^ +^v^-l tan 
+ 4-V - 1 tan^l +&C.} 



J3 



= 2\/- 1 {tana? - -i- ^^^ ^ f + t *^"^ ^ I'" ^^'l ^ 

.-. a? = tan w — -|-tanp + -J- tan a? |* — &c., 
which we have obtained before. 

53. From the expressions for sin a? and cos a? some 
series may be deduced; which, although not strictly exam- 
ples of the application of Maclaurin'*s Theorem, may find 
a place here. 

«... ^ ^ 

Smce sm a? = a? h &c., 

and that sin a? vanishes whenever a? = 0, ± tt, ± 27r, ± Stt, &c. ; 
.-. a?, (tt^ - a?*), (2^71^ - a?^), (S^tt^ - a?^), &c. are factors of the 
equation sin a? = ; and therefore 

sin a? = ^a? . (ir^ - a?^) (2«7r* - a?^) (S^tt^ - a?^) (4«7r^ - a?^), &c. 

«*.a..(l.^)(l-^-^)(l.^^),&c., 
where k =iA.Tr^ x 2*7r* x 3*7r^, &c. ; 



sm 
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sm tT 



Let a?=0; .-. « i, and the right hand dde of the equation 

is reduced to Ap ; .-. Ap = 1 ; 

f .«* /l 1 1 \ 

= * { * - :;^ (p + ^ + p + &c- J + i»«* - &c. } . 

But sin d? » ^ h + &c. } ; 

^ 2.3 2.3.4.5 ^' 

therefore, equating coefficients of like powa-s, 

1 1 1 o "^ 

Also, since cos a? = 1 - ^ + — &c, vanirfies, when 

2 2.3.4 ^ 



IT Stt 57r 

af = ±-, :^ , i— .fee 



-*{-^(-^-$)(-IS)- 



whence making .r = 0, A; = i ; 

D 2 
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2V\ / 2V^ ' «« 



'. cos<r 









But cos J? = 1 H - &c. ; 

1.2 2.3.4 



2M 1 1 1 \ 1 



111. w* 

••• ^ + ^ + j, + &<^- = T- 



54. Since 






8in^ = ^.(l-J( 


/ - gV«) ( 


1^ \ 


1 ^^n^mf^ m^ 1% 1 JIA 1 n 


. /, -^^ 


..W,-^ 



in differentiating, 

20? 2a? 2a? 



* * sin a? X (jf ^ _ ^ 



2dr 2d? 2<» 

1 ^ 1? ^ 



^ 1_^ 2«-^ S'-- 



-&c. 



t^ , 2af 20 

Let — : =» 6* ; ••.«?= w0, and — j = — ; 

1 1 2ef_i_, _J_. __i_ + &4; 



ON THE CIBCLE. 



«3 



1 1 1 • 1 

+ TZ — x: + -5 — ::r+ &c. = 



1^-e* 2»-e* S«-0* 



Again, let — = 



-6*; .*. w^irdy/^ 



20" 20tanx0' 

2a? 20\/^ 



1, and — r 



and 



cos ^ 
sinw 



1 +6-3''^^^ 

1 -g-axV^ 



v/rT = 






\/rT; 



20^/-! 



tr 



{l« + ^'^2*+e»'^3» + ^"^*'*7 



l+e*'" 



ir^V^T !-«!*'• 



^^; 



1 1 

+ 



1* + ^ 2» + e» 



IT e**'+ 1 1 



Aga.„,cos..(,-_)(,-_)(i--_)&c. 



h. 1. cos 



/ 2»«*\ 



•• + 



2a? 

sm a? 


2« 2« 

5 -r . . .-, 


V ''•:^ ^ 


cos «r 

1 - 

= 2ar^ 


2*af* 2»«* 
■ 2» 2* 


2»ff» ' 2'a»=' ■ 



1 
J 



2W TT^ 

Let — ~ = 0* ; .'. ttr = — ; 

tT 2 



2^ 40 
.'. 2a? X — : = — 



TT' 



X 



'irO 4>e ( I 1 1 1 

.'. tan — a= — . < 1 h 4. &c. > ; 
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1 1 I IT TtO 

+ ::i — 7^ + 3; — 7^ = T7» tan -- . 



Next, let — - = - 0^ 

7r0 > , 2' 40 V^ 

.-. 0? = — V — 1> and 2ar . — 5 «= 9 

2 TT TT 

sin a? 1 1 - e- 2xV^ ' i i - c"^^ . e"^^- 1 



1 1 1 TT e'^^l 



Other similar series may be readily deduced. 
55. From the expression 

e* = 1 + a? + + + &c. 

1.2 2.S 

Lagrange in the Calcul. des Fonctions has derived an expres- 
sion for the general term of the polynomial (a+&+c+rf+&c.)". 

Thus for w put (a + fe + c + d + &c.) a? ; 



1.2 



+ &C. 



+ ^^ -— — i + &c. 

But e<«+*+^'^**->' = e" X e*' x e^' + &c. 

«(1 + a^ + + + &c.) 

'^ 1.2 2.3 ^ 

X (1 4- CO? + — -r + — -- + &c.) 

1.2 2.8 

&c. 
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Now the fnf^ term of this expansion wiU be the product of 

o^.^ b^.a^ ff.cf 

X X X &c., 



1 .2 ••• p 1 .2 ••• 9 1 .2 ... r 

where p + 9 + r + &c = m, 

whence (aJth-v c^-d^- &c.)" will consist of terms included 
under the general expression 

1 .2. 3 ... fit X o'.M.c'... 



1 .2 ...p X 1 . 2 ... 9 X 1 .2.3... r X &c. ' 
subject to the condition that p + 9 + r + &c. » fit. 



CHAPTER IV. 



TAYLOB^S TH£0££M. 

56. If u=f{pB)y ^nd u^ be the value of u when x 
becomes {x -i- A), 

«^i = «* + :r" * + 3-; — + T-, + &c. + -7-: • + ^^' 

dx rfa?*1.2 da^%,S dof 2.3....n 

The proof of this theorem may be made to depend upon the 
following proposition. 

dui du\ 
If «.=/(. + A), ^ = ;^. 

or the coefficient of h is the same in the expansion f(jc-\- 2A), 
whether we suppose in /(a? + A), x to become x + A, or A to 
become h+ h^ i. e. 2 A. 

Let a? + A = a'l ; 

and — -i = some function of Xi = (b (.r,). 

.. dui dui dx dui dh 

aXi ax axi an dxy 

dxi 
But ••• a?! = 0? + A, —— =» 1, if A be constant, 

dx 

and -77- =1, if a? be constant ; 
dh 

dui dui 
dx dh 
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Hence also it is obvious, that = ^— — — — ; 

ao? dh 



1. e. 



_ , d'*Ui d^Ui 
and that — — .= — — 
daf^ daf^ 



Let .-. wi =/(a? + ^) = « + —-. A + PA« + Qhfi + jRA^ + &c. 

dos 

du 
restoring the terms after — A, and arranging the indices of A 

in order and magnitude, beginning with the least ; 

dtt, du cPu^ dP ^ dQ^^ dR\ 
ao? ao? dor dx dx dx 

a°^ :;^ = 3^+ aPA«-^ + ^QA^-^ + 7.RAr-» + &c. ; 
a A a<v 

/. taking away the common term — , and dividing by A, 
we have 



da^ dx dx 



&c (1) 



= aPh^-' + (iQh^'* + yRhy-'' + &c. 

Now since in the upper series there is a term — ^ independent 
of A, there must also be a term in the lower series equal to 

-r-^, that does not involve h; let this term be the first, as we 

dor 

have supposed the indices a, jS, 7, &c. to be taken in order 
of magnitude and increasing; 
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-— =saPA""% and a -2 = 0; .'. a ■= 2, 
and 2P = -T-::; .-. P = 



d^^ ' ' * d(C^ 1.2* 

Similarly, 

^ A«-S or ^ A, must = fl QA^"" ; 
ax doD 

dP 

i.e. -r- = i3QA^-^ .-. /3-S=0, and/3 = 3; 
diT 

^ dP d^w 1 , ^ d^w 1 

.'. sQ=^--—=^ — --. 4 and Q = -— -. , 

del? da^ 1.2 d.r-^ 2 . 3 

and ^hfi-'=^^h'^yRhy-'; 
doB dw 

dQ ^ _ 
.'. -^—^yRhy *; .-. •y — 4 = 0, or •y = 4; 
dtV 

I? -. 1 ^^ d*t^ 1 
""* d^" d^*2.3.4' 

and similarly may the other coefficients be found ; 

du , d*w A^ d^u h? 
.-. Wi = w + — A + — - --— + + &c. 

d.r da?^ 1 . 2 da?* 2 . 3 

d^w A" 

+ -r-i + &C. 

dai^ 1 .2.3....n 

a theorem which will give the expansion of /(a? + h) in all 
cases, if w remain indeterminate. 



EXAMPLES. 



57. To expand sin {x + A), cos (,«? -1- A), log (a? + A) and 
{w 4- A)", by Taylor's Theorem, 



du d^u h? ^u K^ 
dx dx^ 1 . 2 da^ 2 . 3 



Wi = t^ + ^- A 4- -r~2^: — r + -r^ r— r + &c. 
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(l) u = sin X ; 

du dPu d^u d^u 

.'. -;— = cos or, —— ^ as — sm ^, -— - ■= — cos ^, ---- «= sin a?, 
dti? dor dor dtV* 

after which the values recur; 
.*. Wi = sin (a? 4- A) = sin /p + cos «i? . A — sin /r cos x 



1.2 2 . ^ 

+ sm w V cos a? &c* 

2.3.4 2.3.4.5 

(2) u = cos J?, 
dw . d?u cPw , d*tt 

-— =s — sin Wy -— r = - cos Wy -r-r = Sm Wy --- = COS ^, 

ax dor dor dar 

after which the values recur; 

A K' 

.*. Ux s= COS (j? + A) = cos #1? — sm x , cos w 



1 1 .2 

+ sin 0? . + cos w — - — - - &Cr 

2.3 2.3 .4 

CoE, If in the two expansions we make w^O^ we have 

A' A* 

sm A ~ A 4- — -— ; — r -" «Cr 

2.3 2.3.4.5 

COS A = 1 H &c# 

1.2 2.3.4 

(3) u = log (a?) ; 

;^ 1 A« 1 A^ I A* ^ 
. • . M, = log (^ + A) = log /p + - - ^ . ^ + 3 . ^ - 5 . -, + &c. 

let ^ = 1 ; .-. log 1 = ; 
•'. log (1 + A) « A - i A^ + i A^ - iA* + |A' - &c. 
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(4) W = 0?" ; 

•. — -=wa?"-S — - = n(w-.l),r»-S -— =w. (w-l)(n-2).a?» '; 
ax dor dor 

.-. Ml = (a? + hY = .x?" + w . <2?"-' A + ^^^-iZ . ^«-2j8 
^ ^ ^ 1.2 

1 .2.3 

58. Taylor'^s Theorem may be used to approximate to the 
roots of equations. 

Let JT = be an equation, of which {w) is one of the roots, 
and (a) an approximate value of (jxi)^ so that at ^a-^h^h being 
a very small quantity, hence since ^ = is a function of (<r) ; 

d.fld) dJ^.f(a) h^ 

but since (A) is assumed very small, we may neglect the terms 
after the second, and so obtain an approximate value of (h) ; 



and a? = a — 



da 
/(«) 



If this value of (<r) be not sufficiently near the true one, 
let it be put = ^i, and let the above process be again made use 
of, and we shall at length arrive at results more and more near 
the true one. 

Ex, 1. af^ - 3cV +1=0. By trial 1.5 is found to be near 
one of the roots. 

f(a) = a^ - 3a + 1 = (1.5)^ - 3 x (1.5) + 1 = - .125, 

- • ^ =z3a'-3 = 6.75 - 3 = 3.75 ; 
da 
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.125* 

.-. /» SB H = + .033; 

3.75 

.*. jr = 1.5 + -033 = 1.533. 

Ex. 2. of ^ 100. Since 3^ = 27 and 4^ « 256, it is clear 
that w lies between 3 and 4 ; let a sb (3,5). 

Now a? h. 1. a? - h. 1. 100 = = tt ; 

du 
.-. 1 + log J? = — ; 

.-. /(a) = 3.5 h.l. (3.5) - h. 1. 100. 
d./(a) 



da 



s 1 + log (3.5). 



But in the Napierian system, 

log 100 = 4.60517. 
log 3.5 = 1.25276; 

.-. f(a) « 3.5 X 1.25276 - 4.60517 =- .22051, 

d.fia) 



da 



= 1 + log 3.5 = ^.25276; 



.22051 

,.. k = s= .09832 ; 

2.25276 

.*. a? = o + A = 3.59832 ; 



a more exact value may be obtained by writing 3.59832 for (a), 
and proceeding as above. 

The Napierian logarithms may be obtained from a table of 
the common logarithms by dividing each logarithm by the 



number .43429. 



2 

Thus N. loff 100 m » 4.60517. 

® .43429 I 



I 
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59. Transform the equation 

a^ - pw^-^ + qaf-^ - &c. = 0, or JT = 0, 

into one whose roots shall be diminished by a constant quan- 
tity z. 

Let ofs^z + y; 

••• ^=/(« + y)» and let Z=/(sf); 

^ r, dZ d'Z y" d'^Z y" 
dz dz^ 1.2 dz^ 2.3 

by Taylor's Theorem. 

Or if Zi9 Z29 Z3, 81C. Z„, be put for the differential co- 
efficients, the transformed equation becomes 

Z+Ziy+^^ +-^ + &c. + '^ ^^-HL^ *0, 

1.2 2*3 1.2...(»-1) 2.3...n 

where Z is the value of X^ when ar is put for a? ; 

.-. Z =:«"-p«"-^ + ^«— *-&c. 
and Zi = «i5f"~* -(n- !)/>«»"'' + (7^ - 2)gir"-' - &c. 

Z„_i = n(n-l) (w-2)...3.2«r-(n-l).(n-2)._2.p, 
and Z„ = w(n-l)(n-2)...3.2; 

therefore by substitution, the transformed equation will be- 
come, after writing the terms in an inverse order, 

y» + (nz - p) y»-^ + &c. + Z = 0. 

Cob. This transformed equation may be used to take 
away any particular term of an equation, by putting any 
of the coefficients Zi, Z2, &c. « 0, and substituting in the 
others the value of z derived from it. 

Ex. Take away the second term from the equation 

3 a^ + 15 ,r^ + 25 .X' - 3 = 0. 



OF EQUATIONS. 63 

The transformed equation is, when 07 ^ xr + y, 

Z + Z^y + ^+ ^^0, (for Z« = 0). 

Z = S«* + 15«* + 25« - 3, 
Z, « 9«* + SOx + 25, 
Z, Bl8iV +30, 
Zs^is, and Z4 - 0. 

30 -5 

But Z. «0; .-. af=: = , 

18 3 

Zi « 25 - 50 + 25 « 0, 

125 125 225 - 152 

"" 9^ "s" " 1 9 

152 18 «* 
9 6 

. 152 
^ 27 

60. Let w = (o + ftcT + ca^y. Find - — . 

d*fi 
Since the coefficient of h* in Taylor's Theorem is - — 

dor* 

divided by 1 .2.,. », if we expand 

{o + 6 (a? + A) + c (a? + A)* }% 
aod collect the terms which are multiplied by A", these when 
multiplied by 1 . 2 . 3 ... n will give - — ; 

Let a + 6a? + ca?* = p, and 6 + 2cj? = ^; 

a 40C „^ 
.-. «i = (p + ?A + cA»)' = p' {1 + - A + j^A }'• 
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But 4pc = Aittc + 4bcaf + 4cV = (6 + 2ca?)* + 4ac — 6* 
= ^ + c*, if c* = 4ac — 6^ ; 

- p' {l + y.AT + r . (1 + g,A)»'-« . e,«A« 

+ r.^^^^ (1 + 9,A)»'-* e/A* + &c.}. 

Then writing down the coeiBcient of A" in (l + giA)", 

A-^.. (1 + 9,A)«'-*, 

h'-\.. (l+q^hy-*, 

&c &c. 

we shall have by addition the coefficient of A", which mul- 

d'u 
tiplied by 1.2.3...«, will give — — . 

Now by the Binomial Theorem, the coefficient of 

A" m (l+^iA)-*^ = ^^ ^-^ ^ — ^^ gi ...(1), 

1.2.3 n ''' V /> 

therefore, substituting — for ^i, — - for ^j*, and multiplying 

2p 4j9 

r.(T— l) 
(2) by r X 6x9 and (3) by Ci*, &c. and the sum of 

(l), (2), (3), &c. by 1.2.3...w.jt)% 
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^ \ 1 . 2 . 3 ...... n 2"p" 



r.(2r-2)...(2r-n + 1) (f ^ ^ 

4- : . • "i 4- &C 



1 . 2 w-2 '2"/>» q^ 



■} 



= 2r.(2r-l).(2r-2),..(2r-n+l) - .p*^"" h+r. \ 4.- 

^ ^ ^ ^ ^ ^ V2/ -^ * 2r.(2r-l) ^* 

r.(r-l) n.(n - l)...(w-3) c* 
1.2 '2r.(2r- l)...2r-3'g* 

r.(r~l)(r^2) n.(n - l)...(n ■ 5) «* ^ ^^ . 
1.2.3 2r (2r-5) 9* * 

Ex. 1. Let u = . , the example given by Euler. 

VI - a?^ 

Here ra=-^, as=l, 6 = 0, ce-1, p=l — ^r*, 9 = - 2<i?, 

d"(l -cr*)-i _^ 1.2...n.j?* , n.(n-l) 1 

"• d^^^ " (l-^)-**'^*"^*- 1.2 V ' 

1.3 w.(n-l)...(n-3) 1 1.3.5 n.(n-l)...n-5 1 . 

^sTI'l . 2 T] i V 2.4.6*1 . 2 ... 6 '^"^ ^**' 

the law of which is obvious. 

Ex. 2. Let M = \/l -a?*. 

Here ^ = ^; •'• 2r-l=0, and some of the coefficients 

will be -. The example however can be easily put under a 

proper form. 

For, since u = \/l - .1?*, 

du —a? 



d.2? y/l - a?2 * 

ii«w_ 1 

c/^"" -(1 -^j^)i' 
E 
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or — 



4ix^ (l-ci;^)!' 

and writing w - 2 for w, and — for r, we shall have the re- 
quired term. 



Ex. 3. Let u^\/ 



cos Zy 



cos jjr = 1 — 2 sin* - = 1 - j;*, 

2 



by substituting a^ for 2 sin*-; 



.-. t^ = -^/cos iJT = v 1 — a?*, 
which is reduced to the preceding case. 

For other examples, see Collection of Ewatnples^ p. 13. 



CHAPTER V. 



FAILURE OF TAYLOR'^S THEOREM ; LIMITS OF THE SAME 

THEOREM. 

61 . By the Theorem of Taylor we are enabled to expand 

the fipc-^-h) into a series of the form 

■ * 

f{ai) + p^ + qh^ + rh? + &c. 
where the powers of h are integral and ascend. 

Indeed we may prove a priori, that so long as w retains 
its general value, the expansion of /(a? + h) cannot contain any 
fractional powers of A. 

For, suppose that 

where U represents the sum of the terms involving integral 
powers of A. 

Then since (cV + h) enters f{w + h) in the same manner as 
(j?) enters f{ai), it is plain that both functions have the same 
number of values, and that the developement of f(co) ought to 
contain no more than fipo) does. 

Now if particular values be given to a?, which will neither 
make P infinite nor evanescent ; then to each value of P there 

will correspond two values of P\/h, since \/ h has two values 
\ a or — a ; and consequently the expanded function will 
contain twice as many values as the unexpanded one ; and there- 
fore twice as many as /(^), which is manifestly contradictory. 

Similar reasoning will apply when the index of A is — . 

62. If then we give such a value (a) to x in /(a? + h) as^. 
will make the unexpanded function f{a + It) to contain frac- 
tional powers of A, we cannot expect that Taylor's Theorem 

E 2 
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will give the required developement. Now the hypothesis 
that X ^ a introduces a fractional index of h into /(a? + A), 
supposes that in the original function there must have been 

some such term as (.r -«)'», which becomes (.r-a + A)" in 

Wj , or A" when a? = a. In such a case it is clear that some of 
the differential coefficients will become infinite, when x^a. 

As an illustration, let us suppose that 



m 



y = 6 + (cir - a) " ; 

du m. .^-1 

— ^-{x-ay , 
ax n 



\x^ n \n I 



d^u m (m ^ "* 



and Ui^b + (x " a)" + — . (^ - o)" A 

m fm \ . v^-2 A* 

+ — . l] .Cv-aV — + &c. 

m fm \ (m \ ^^-p A^ 

n Vn / \n ^ )^ ^ l.2...p 

where if — < p, that term and all that follow will become 
n 

infinite when x ^ a. 

This circumstance of the differential coefficients becoming 
infinite when <r = a is called the Failure of Taylor's Theo- 
rem, an improper term, since it rather may be taken as an 
index that the function cannot be expanded according to the 
integral pawers of A. 

63. Again, as the general expansion of /(a7 + A) can never 
contain negative powers of A, for iff(x + A) could 

*: J + jBA"« -f- &c. 
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if A = 0, /(a? + A) instead of becoming /(j?), would be infinite, 
we may be led to expect that if d? = a introduces into the un- 
expanded function /(.r 4- h) involving a term A"% that the 
expansion by Taylor''s Theorem will indicate some absurdity* 
Now it is clear that to have such a term dependent on A"", 

M 

we must originalh' have had such a term as ; for 

(^ - a)" 

putting (w + A) for a?, 

M ^ MM 

becomes 



.v - a]" (a? + A - a)" "" A" ' 

when X ^ a, M not being supposed to vanish when w ^ a. 

Here all the differential coefficients of are in- 

(w - ay 

finite when a; ^ a. 

64. The theorem therefore fails whenever d? = o makes 
some radical disappear from u =/(/fc'), and therefore introduces 
into M, =/(«r + A), some term involving a fractional power of 
h ; or when jp ^ a renders the original function infinite. 

As a simple example of the first case, let u^b-^- y/ x - a ; 

.•. t^i s 6 + \/ do -^ k — a 

make ^ = er ; 

.-. tt a= 6, w, = 6 + vA> 
and the expanded function contains infinite terms. 

1 



As an example of the second case, let u = 



X — a 
1 1 A A* 



.*. u 



' a? - a H- A 0? - a (a? - a)^ (<» - a)"* 



+ &c. 



where w = 00 , r^i = 7 , and the terms of the expanded functions 

A 

are infinite when x is put = a. 
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65. Should however f{a + h) contain, when expanded, 
positive powers of h as far as the n*^, and afterwards frac- 
tional powers, the first (w) coefficients may be found by 
means of Taylor's Theorem. The following proposition will 
establish this fact: 

Let Ui^f{x-\-h) when expanded according to the powers 
of A, contain when w ^ a^ fractional powers of h after the 
(n - 1)* term. Then the differential coefficients as far as 
the (n " l)* can be assigned, but all the succeeding ones 
will be infinite. 

Let /(a + A) = ^ + iSA + CA" + &c. + JNTA""^ + PA« + &c. 
where a is a fraction between n — \ and n» 

Now since the coefficients A, B, C, N^ do not contain (h) 
we may obtain their values in the same manner as we deter- 
mined the coefficients of Maclaurin's Theorem, by finding 
the successive differential coefficients of / (a 4- h) with respect 
to A, and then making & = 0. 

Thus, 

^f^^-^^^ ^B + 2Ch + &c. + («-!) JVA"-^ + aPA«-^ + &c. 
dh 

d\f(a + ^) ^^(.^^^ ^ (n-l)(7^- gjiVA^-^ + aCa-^l) PA^'V &c. 



''^ -=...(n-l)(w-2)...2.1iV+a.(a-l)...(a-rA+2)P/i«-% 



n-l 



dh 



d''f(a + h) 

. — ^=a(a-l)(a-2)...(a--7i+ l) . P/*""" + &c. 

Now if h be made = 0, since a > n - 1, but <n, the 
terms involving P will vanish from the first (n - 1) equations, 
and the (n - 1) differential coefficients will be found. 
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But since a - n is negative, 

when h s o. 

66. Again, should the substitution of a? s a introduce 
negative powers of A, all the differential coefScients will be 
infinite. This case, to which we have previously alluded, is 

when u^f(w) contains a term 7 , for then if d? becomes 

1 1 1 , 

(X + A), ; — = ; r- = -- whcn 0? = «. 



Let then /(a + A) = Ah'"^ + &c. 
df{a-\-h) -mA 



dh 



,«+i 



+ &c. 



d^fia + h) - f»(wi + 1)0« +2)...(i» + n- l).-i 
and — * ^ 



dh' 



iW+M 



where it is manifest that if A = 0, will become 

aA* 

infinite. 

From this reasoning it is obvious that if the n^ difier- 
ential coefficient become infinite when w «^n, the true expan- 
sion contains a fractional power of A lying between n — 1 
and (n) and that if x^ a makes fipe) ^ oo that the true 
expansion contains negative powers of A. 

Thus, let u =/Ci?) = 6 -f (a? - a)*, find f(a + A) , 

— = f (j? - a)\ 
ace 

« 

.'. the fractional index of A is < 2 > 1. 
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But w, = 6 + («T? + A — a)5 = b + h^ when x ^ a^ 
and |- lies between S and 1. 

Again, if w = fea?"* + c (a? - «)«', 

• 
-- — = »i (w - l)...(m -« + 1)6^"" 

+ c.-. f- - 1 j ... f^- 7i+ lj.a?"^"^ 

and let - < /^ but > /^ - 1. Then -— is the first differen- 

tial coefficient which becomes infinite, and there ought in 

- 
the true expansion to be a term involving h^ which there is, 

for by putting at -\- h for ^, and afterwards writing (a) for «r, 

p 
we have f{a + A) = 6 . (a + A)** + cA«^ . 

» 

If m < w, the Talues of the difi^erential coefficients will 
disappear when ^ = a, until we come to the n***, which is infi- 
nite when 0? 5= a. 

67- In functions of this description we must have re- 
course to the common algebraical methods, first writing (.r + h) 
for Wy and then putting (a) for (.r). 

Thus, suppose u-^ax -\- a \/x^ - a^ ; 

•*' /(« + A) = 2a(a + A) -I- a\/(a + Ay^-a'* 



= 2a (rt + A) + a \y^lah + A^ 

A\i 



= 2 a (« + A) + a V^2«A . ( 1 + — ) , 

(A \ ^ 
1+ — ) by the Binomial Theorem. 
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68. Limits of Taylor's Theorem. 

If f{x + A) be expanded by Taylor's Theorem, and we ' 
stop at the «** term, the sum of the first (n) terms may differ 
widely from the true value of /(»» + A); it is therefore neces- 
sary to calculate the amount or the limit of the error which 
arises from neglecting the remaining terms before we make 
use of the preceding terms as an approximation to the value 
of f{x + h). 

The object of the following pages is to ascertain these 
limits ; but the following proposition must precede the in- 
vestigation. 

69. Prop. If u^f{x) vanish when m=0^ then u and 

du 

-— will have the same sign while x increases from to o, 

a.x? 

du 
if o be positive and contrary signs if a be negative; — - 

dtV 

being supposed neither to change its sign, nor to become 
infinite while a? increases from to a. 

Let a be divided into n equal parts, each ^ h or a ^ nh. 

Then since f(a; + A) ==/(a?) + -^ A + PA* (l) ; 

therefore making »x* = 0; and therefore u or f{w) = ; 
and if f7. and p. be the value of ^ and P, 

Now if U^, U^, U, ...Ua ^ du , ^ 

> be the values of -~ and P,.. 
p p p p \ dx 

When A, 2A, 3A...(w - 1) A are put for a?, we have from (l) 
/(A + A)-/(A) = r7,A + P,A% 
/(2A + A) -/(A + A) = U^h + P,h\ 



/{(n - 1) A + A} -/ J(n - 2) A + A} = f7,A + P,Ji 



9 
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whence, by addition, \ 

f{nh) ovf{a)^{U,^U^^U^^ &c. +f^A+(Pi+i>,+ &c. +P„)A^ 

and by diminishing A, the first term (/7i+ Uz^- U^-¥ &c* + /7,)A 

may be rendered greater than the second, and therefore the 
algebraical sign of /(a) will depend alone on the first term. 

Also /(A) will have the same sign as Ui , which is -— 

die 

when w — 0. 

Or, since --— does not change its sign, 

f{h) will have the same sign as — •. 

Also f(^h) —f(Ji) will have the same sign as f/a, which 

is the value of — - when ^t? = A = — ; and therefore the same 

dx n 

du 

sign as — . 

And therefore f(a) which has the same sign as the sum 

a 
of the products {U ^ -{- U^ -¥ U^ ^ &c. + U^ - will have the 

fi 

same sign as — , if (o) be positive, but the contrary sign 

CuW 

if (a) be negative. 

70. This proposition being premised, let it be applied to 
find the limit of the error incurred in neglecting any terms of 
Taylor's Theorem. 

Let us now assume that the true value of /(a? + A) or u^ 
lies between the values 

du^ dru A* „ d'^u A"A mA«^» 



d^v daf'i.^ ' dof'*\.2...n 1 .2 .3...(« + l) ' 

du ^ d"u W d'u K" Mh^^' 

and w 4- -r^ A + -7-:; V &c. + --— - . h 



d,x rftt'l.iJ cf.r" 1.2.. .w 1.2,..(n+l) 



Taylor's theorem. ^5 

where m and M are the least and greatest values of which the 
remaimng part ^ Taylor''s Theorem 

- iVi^ J_ J. J. gjQ 

dw^ daf"^^ ' n + 2 d^+* (» + 2)(/i + 3) 
is capable 

/ m ^ d^u A* d-w A» \ wA» + ' 

.-. Wi- W + i^ A + -7--: + &C.4- "T— 7--; > 7 r 

V dx da7*1.2 do?" 1.2...W/ 1.2...(7H-l) 



JifA 



1+1 



1 .2.S...(/lH-l) 

/ dt* , , d*t^ A* 

or Ux- \u-v-j-h -\' -— + &c. 

V dx dor 1 . 2 

d"^ A' \ mA"-^' 

dafl...n) 1.2...(n+l) 

J/A"+* dw , d^t^ A" 

and —- — ; — ; -^ Wj + tt + -—- A + &c. + -— > 0. 

1 . 2 . 3...(7i -f 1) do? da:^l...n 

Now both these quantities vanish when A = 0, since then 
1*1= «. 

Therefore by the Lemma, their first differential coefficient 
will also have the same sign. Now differentiating with respect 
to A, 4flL 

dui idu d'u ^ ^ dl^A/ A"-' \ mhT 

Jh'\d^''l^'^''^'''^W^'u..{n^] 

, Mhr dui du druh , ^^^/M A""^ 

and — - + -r- + -r-r - + &C. -b ^/ . 7 r > 0' 

l...n dA dop d.v^ I Tt/*^ l...(7i- 1) 

Again, considering these expressions as functions of (A) which 

vanish when A = 0, for then -— ^ = — -; their first differential 

dA dcT 

coefficients will have the same sign as the functions have, or be 

both greater than zero ; whence again differentiating^ we have 



. r 



•^r-. 
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and 
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j<Pu 



+'&c. + 



,»-2 



JIfA 



«-l 



^S'^^l .2...(w-2) 

Zt^ .mk. 



mK"^ 



1 



► — 



1 . 2...n — 1 

«-2 



>o, 



1 .2,..n - 1 dh 




1 .2...n-2 



which are both functions of A, which vanish when A = 0, 



Since then 



7a^" d^' 



Now if this process be continued (n+ 1) times, we shall at 
length obtain 



M^ 



d- + 

dhr 


+1 


-f»>0, 


and Jlf - 


d» + '«, 


or since 


d" + '«, d" + 'M, 




n. 


, d'' + '«, 

and 1 



d<r 



-— - - w > 0, 



a condition which is satisfied by taking M equal the greatest 
value of the (w + 1)* differential coefficient^ and m equal the 
least value, 

or JI/=: ^-^T^ -, and m= "^ ^ ^ 



del?" + ^ 



dtV 



«-i-i 



and therefore the true value of tii lies between 



A 



a + l 



du , rf'w A* „ d^'-^'fiof) 

u + 'T-h+ -—■ + &C.+ , ' / - 7 r» 

dtT dti?M.2 dct?" + * 1.2.3(71+1) 



a + 1 



du^ d'u W , d- + V(^ + A) 

arid w + -r- A + -^-7 + &c. + r-rrr — ^ • /^ ^ > 

d.r d.i?- 1 .2 d.t?" + ^ 1 . 2 (n + 1), 

and the error made by omitting the terms after the i{^ is less than 

(J/-m)A'' + » 
1 .2.3...(n+ 1)' 



Taylor's throkem* 77 

Ex. 1. Let w = ci?''; 

and Jf = p.{p- 1). (p-2)....(p-n).(a? + A)'"""*; 

therefore error committed by omitting the terms of (a? + A^, 
after the n^ 

"< 1.2 8....:(n-l) M (^^ftr"-'-^-'-1- 

Ex. 2. Let « = a* ; 

••. — - « J-o*, and -— i = J^o*** ; 

therefore the true expansion of a'"^* lies between the series, 

a* . { 1 + -4 A + + &c. + — + } , 

J 1.2 1.2...W 1.2...« + lj 

J _, f .. ^*** • ^"*' J'+U-^^oM 
and a* . < 1 + -4 A + + &c. + + } , 

[ 1.2 1.2...n l.2.S.,.«-MJ 

and the error committed by omitting the terms after the n^» 

IS < y r (a* - 1), 

1.2...(»+ 1) ^ ^ 

< ^"^'^ (o* - 1), if U, be the n* term. 
« + 1 

Again, if fT, be the first term that converges, 

> 1, I.e. — 77- > 1. 



Let (n + 1) =2JA, 
therefore error < — . (a* - 1), < - - . (fl *^ - 1). 



« + l 
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Ex. 3. Let u = log 0! ; 

■ 

and the error, by omitting the terms after the n^^, is 
< (- l)» . . {(cT + A)-<»+>) - .r-(-+^>}. 

71. From this reasoning, it is plain that there is some 
one term which is exactly equal to the sum of the terms after 
the n^. Let N be this term, therefore /(jc + A) becomes 

du ^ ^u h^ „ /d»w Nh \ A" 

w + --A-H -T-z 7-^ + &C.+ -— + , 

dm da/^l-2 \da?'* 7i+l/1.2...n 

d^u A* 
and to find the value of A, which shall make 



do?" 1 .2,..w 

greater than the remaining terms of the series, we must merely 
have 



d^u Nh 


d"w n + 1 


- — > , 


or A < . — --— , 


daf «+ 1 


do?" N ' 



it is not necessary that N should be known, we may substitute 
foi* it a greater quantity, as M. 



CHAPTER VL 



VANISHING FRACTIONS. 



72. Sometimes the substitution of a particular value 
for the unknown quantity, will make both the numerator and 
denominator of a fraction vanish, such a fraction is called a 
vanishing fraction. 

tP*— 1 

Thus becomes = - when ^ « K but since by divi- 

1?* — 1 

sion =s (a? + 1), the true value of the fraction when a?« 1 

0? — 1 

= 1 + 1 = 2. 

In this example the numerator and denominator vanish 
when or s 1, because both contain the factor {w — 1), which is 
= on the supposition of or « 1. 

73. We proceed to shew that the values of these frac- 
tions may be finite, nothing or infinite. 

P 

Let w = — be the fraction, and let .1? = a be the value of Xj 

which makes P » and Q s 0. 

Then P and Q must be both divisible by (jv - a) or the 
powers of {x — a), 

let P = p .,v - a I'", and Q = 9 . a* - o]" ; 



p w — a] 



m 



9 ■ .1? - a]" ' 
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P P' 

(l) Let m = n; .-. w = - , and = -7 when .v = a, 

9 q 

which is finite, since neither jp nor q contain {x — a). 



(2) Let m>n\ .•. t^ = - . a? - a T "= 0, if a? = o. 

o 1 1 

(3) Let m<«; /. «^ = -,-t=- = - = «, ifa? = o. 

74. From the preceding example it appears that the true 
value of the fraction is found by getting rid of the factor 
(a? — a)*", which is common both to the numerator and denomi- 
nator. 

When m and n are whole numbers, the value may be 
found by successive differentiations. 

For since P and Q are each functions of x ; when x be- 
comes (j? 4- A), the fraction u will become 

f{x + A) 1^2 2.3 

^^ ^ Q + dQ.A + d'Q + (?Q +&C. 

1 .2 2.3 

dP dQ 
writing dP, dQ, &c. for — — , — — , &c. 

dx dx 

Let X = a; .'. P ==0, and Q = 0, 
and the fraction, by dividing each term by A, becomes 

h h^ 

^/ ^x dP^^P +cPP. +&C. ^_ 

f(a-\-h) 1.2 2.3 dP , , 

^^ dQ + d^Q + d^Q. + &c. ^ 

1.2 2.3 

P 

which is the value of w = -- , lirhen a? = a. 



I 
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Should, however, x — a make all the differential coefficients 
of P to the rnf^ order, and those of Q to the rC^^ order dis- 
appear, we have 

drP A*" 
^/ »x "r~r* h &c. 



0(a + A) c/"Q A" 

- — .- 4- &c. 

daf 1 .2 .3 ... n 

If m ^ n^ dividing numerator and denominator by 

A" 

, and then making A = 0, 



1.2.3... tn 



d'^P 

If iw > w, t^ is = 0. 

If m < w, u IS = - . 





75. If (i7t) be a fraction, this method is inapplicable. 
Since <r = a will make some one of the differential coefficients 
infinite. 

m,^ .^ (a?*-aOi > . — dP X 

Thus, if w = — . = V J? + o = V 2a, 



\^x-a dx y/x^'-a^ 

and — -= — 7=» 

both of which become infinite when x = a. 

In such a case we must have recourse to a method, which 
is perfectly general, and not difficult in its application. 

P 

Let -- be the fraction, where P and Q both vanish when 

Cot 

x==a. For X put (a + A), and let the numerator and deno- 

F 
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minator be expanded according to the powers of A, the indices 
increasing, so that the fraction becomes 

Ah^ -h Bh^ + Ch^ -H &c. 

^r^ + SiA'^* + CiA'y^ + &c/ 

which is of the proper form, since when A = the fraction be- 


comes -. 


There will obviously be three cases, a = ai , a > ai , and 
a< ai. 

(l) If a = a^ divide each term by A", and we have 

^ + JBA^"" + CA^-" + &c. A , , 

—r- , when A = 0, 



Ji + JBiA'^^-% CiA^»"" + &C. ^, 
which is finite. 

(2) a > ai, then the fraction 

^A"-''^ + JBA^-"^ + &c. 



^, H-5iA'*^-"^ + &c. 
(3) a < ai, we have then 



= 0, when A = 0. 



^+.BA^"" + &c. A , , 

= — = 00, when A = : 



^A"^"'' + 5,A^»"" + &c. 

CoR. 1. If w =: -- becomes — , when a? = a it may be 

Q CO ' -^ 

reduced to the form -. 



1 1 

P 1 Q ^ 
ror -- = --=— = — - = - , when (v = a. 
Q Q 1 1 



P P 



CO 
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r. Ti» ^ 1 1 1 

LOE. 2. ^*^=''p"*7)=j; > oroo-OD, when <a7a=a, 

M may be reduced to the form - . 

„ 1 1 Q-'P , 

Cor. 3. IfPxQ=Oxoo, when a? = o, it may be put 

under the form - . 



For Q = — , if Qi = 0, when j? = a ; 

1 P 

.-. PxQ=Px---=s--- = -, ifa?=:a. 

^ — 1 
Ex. 1. Find the value of w = — , when a? = 1, 

P^ or - 1; ... - 3,^ - 3^ when ,r = 1, 

dtV 

do 

Q=: a73H-2^-.r-2; .•.--= 3a?* + 4^ - 1 =6, if a»=l : 

3 1 
.-. w = - = - = -. 
062 

o* - b' 
Ex. 2. Find the value of , when a? = 0, 

w 

1-10 
u = = - , when j? = 0, 

P- a* - b', and Q = /r, 

dP . « , 

-r— = a* log a — V log fe = log a — log b — log -- , when w = 0, 



, dQ 

and —- 
dx 



1 (a' 



F 2 
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of — 00 _ 

Ex. 3. i^ = = -, if ^ = 1, 

1 - 0? + log w 

P^af -w^ and Q = 1 - a? + log a?, 
dP 



dx 



= a?* (l H- log a?) - 1 = 0, if a? = 1, 



-^ = - 1 + - = 0, if ^ = 1, 
doe 00 

6?P of 

— j= of (1 + log <r)2 + — = 2, if a? «= 1, 

cLoCi 00 

d^Q 1 . r 1 

— - = = -1, ifa? = l; 

dor or 



2 

.•. u = s= — 2. 

- 1 



1 — sin 0? + cos 0? •/• ^ 

Ex. 4. w = -^ = - 1, if ^ = - . 

sin 00 + cos 07 — 1 * 

a — a? — a h. 1. o + a h. 1. 0? 

Ex. 5. w = y a = - 1> if a? = a. 

a — \/2aoo —00 

e* - 1 - loff (1 + 0?) 

Ex. 6. tt =: r-^^ = - , when a? = 0, 

or 

e* - 1 = a? H- + + &c. 

1.2 2.3 

log(l+a?) = a7--+- -J+&C.; 
c* - 1 - log (1 + ^) o 







a?* 










a^ 




1 


-6 + 


&c. 










^ 


I- 




E 


1, 


if 


a; = 0. 



1 
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-x/a* "O^ '\' a — w _ 
Ex. 7. t^ «s y — = - , when j? = a. 

V a - 0? + V a* " a^ ^ 

dP dQ 

Here -- — and — are both infinite when x ^ a, 
dx dx 

We must have recourse to the second method, and since 
if d7 he >a, \/a^ — a^ i% impossible, let x = (a -A), and making 
the substitutions 

y/zak - A* + h y/^a-h + \/A 

t^ S _ - -_ ^ 1 - . 

y/h + \/a (o* + oa? + a*) 1 + \/o* + ax + x^ 

2a 



Let a? = a, or A = 0. Then «^ = 



l+-v/sa« 



We might have divided the numerator and denominator at 
once by y/a — x, and then 

\/a 4- a? -H \/a — X v2a 
t* = y -= = = ^= , when X ^ a. 

1 2 
Ex. 8. If w = T = 00 - 00 , when a? = l, 

J___J l+a?-2 (l^x) 1 

1-a? 1-*^" 1~.T?« l~a?« 1+cr t''^*^=^ 



ttx I — X 

Ex. 9. If w = (1 - x) tan — = = - , 

^ '^ 2 vx 

cot — 
2 

when tV as 1 , .w = — . 

TT 

Ex. 10. If w = — , find its value when 

ifX 2x (e^^ + 1) 



J* = 0, 



TT e^' - 1 .^ 
w = — . = - , II cr = 0. 

4fX e^' +1 



86 EXAMPLES. 



Now by expanding e^' by the formula e* = 1 + ir h \- &c. 

7r<r + h &C. \ / TT H 1- &c. 

tt/ 1.2 1^1 1.2 

w = 



2 -f Tra? + + &c./ \2 + ira? + h &c. 

1.2 1.2 



Let a? = ; 



TT 
.•. -M = - = . 

8 



,2 "^ 



^ loff w , 

Ex. 11. u = — ^ — , when a* = oo . 

Let log x = y; .•. ^ = e^. 



w = — = 



1 +y + — + — + &c. 

^ 1.2 2.3 



1 y y ^ 

- + 1 + - + + &c. 

y 2 2.3 

= 0, when y = 00 



+ 1 + CO 00 

log cP 

Similarly, if w = ^ , we have, if y = log a?, 

w 

y 1 

1^ =s — = 0, when ^ s 00 , 
by expanding e"^, and dividing the numerator and denominator 

by y. 
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MAXIMA AND MINIMA. 



76. If w ^f{^) express the relation between the function 
w, and the variable j?, then if ^ = a make /(«) greater than 
both f(a + h) and f(a — h); u ^f{p) is said to be a max- 
imum : but if f{a) be less than both fia-^-h) and f(a - A), 
it is called a minimum. 

Hence the value of a function is said to be a mawimum 
or minimum^ according as the particular value is greater or 
less than the values which immediately precede and follow it. 

From this definition it appears, that if a quantity either 
continually increases or constantly decreases* it does not possess 
the property of a maximum or minimum. Also, as the words 
maximum or minimum are used in a relative and not in an 
absolute sense, functions may possess many maxima or minima. 

77. In the circle the sine which = 0, when the arc = 0, 
increases as the arc increases, till the arc - 90®, when the sine 
= radius, from this value it decreases, till at the end of the 
second quadrant it becomes = 0. 

At 90°, therefore, it is a maximum; for any two sines 
drawn on opposite sides of the sin 90^, and equidistant from 
it, will be both less than the radius. 

In the parabola, the line drawn from the focus to the 
vertex, is less than either of two focal distances which can be 
drawn to the curve on opposite sides of it ; it is therefore a 
minimum. 
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By reference to figures 1 and 2, we perceive that 

NP in fig. 1. is a maximum, 
NP 2. is a minimum. 





78. One of the most important applications of the Dif- 
ferential Calculus, is that which affords rules for the discovery 
of these values. 

But the following proposition must first be established. 

If y = A^h + A^h^ + A^h? + &c. + J„A" + J„+iA"+^ + &c., 

where the ratio of any coefficient to the one immediately 
preceding is finite, i. e. " is finite, h may be so assumed 

An 

that any one term shall be greater than the sum of all the 
terms that follow it. 

Let r be greater than the greatest ratio between the co- 
efficients ; 

.-. -r < r, or -^2 < Ar^ 

Ai 

A3 
&c. 
.-. Aih + Aih^ + A^h^ + &c. < Aih-^-Airh^-^-A^r^h^ + &c. 

<A,h{l +rA + ?-2A2^&c.} 
1 



<Aih 



1 -rh 
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* 2r 1-rA 

.-. Aih + Jfih^ + A^h^ + &C. < 2-^1 A; 
.-. A^h^ + ^3^' + &c. < Aih; 
and in the same manner may Jg** l>e shewn to be greater than 

JgA' + J4A^ + &c. 

We have here supposed the series to proceed to infinity : 
if it extend to (n) terms, we shall have 

Aih-\-A2h^'\'A^h^'tiiC. + A^h*<A^h(l-\-rh-\-7^h^-\-&c.+7^'^h''-^) 

^ , 1 - r"A» 

<JiA. 

' 1-rA 

A,h A.T^h'"'^ 



< 



1 -rA 1 -rA ' 



.-. a farttortj < -• , 

1 — rh 

and making A = — as before, 

Aih + Azh^ + &c. < 2 JjA, 
or Aih > JgA^ + Azh^ + &c. + J«A\ 

79. Peop. If w =/(^) be a maximum or minimum when 

du , 

a? = a, --— = 0, on the same supposition. 
ax 

Let u^^f(off + h)9 and U2=f{p0'-h). 

Now at a maximum or minimum, u=f(off) must be 
greater or less than f(jp + A), and /(a? — A), or greater or 
less than u^^ and t/g. 

Hence, u^ —u and Wg - u must both have the same alge- 
braical sign. 
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But Wi-w=: -—^4-— -— - + -— -— + &c. 

d«r dor 1.2 da^ 2.3 

_ du , d^u }i? d^u h^ 

and .-. ^2 - «^ = - -;— ^ + t^ rr 1- &c- 

dx dor 1.2 d^ 2.3 

by writing (—A) for h in the value of {u^ — u). 

Hence, since the first terra of the expansion can be made 

greater than the sum of all the terms that follow it, (if the 

supposition of .a? = a, does not make any of the differential 

dtii 
coefficients infinite,) it is clear that so long as the term — h 

exists, so long will (u^ — u) and (wg — ^) have a different al- 
gebraical sign : i. e. t^i and U2 cannot be both greater or both 
less than u. Therefore, if there be a maximum or minimum, 

du 

— = 0, 
dx 

d^'u A* d^u h^ 

d^u h^ d^u h^ 

and u2-u = -~~r -— h &c. 

d.v^ 1.2 rfar* 2.3 



d^u 
Now if .2? = a does not make — - = 0, the sign o{ Ui — u and 

d^u 

U2 — w, since h^ is positive, will depend upon that of — - . 

d^u . , 

If therefore — -j be positive, Ui-u and u^—u are positive. 

dor 

If -—J be negative, Ui—u and t^2 -" w are negative. 

d^u 
If therefore -— be positive, Ui and Wg are both greater 

d u . « 

than u^ or T^ is a minimum, and if -— be negative, then 

Ui and U2 are both less than u; or «^ is a maximum. Hence 
this rule: to find whether u^f^x) contains any maxima or 
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minima, put —- ^ 0, substitute the values of <r thus found 
in — - , if the results be positive, we have minima ; if nega- 
live, maxima. 

80. Should however -— - = when w = a, 

dor 

d^u A' „ 
Ui-U=^ + --— — + &c. 
da^ 2.3 

d^u h^ , 

U2-U^ - - — r + &C. 

da^ 2.3 

and Ui — u and (u^ — u) have again different signs ; and there- 

d^u 
fore there will be no maxima or minima if — — exist. Hence 

dor 

it is obvious that we can have a maximum or minimum only 

when the first differential coefficient that does not vanish is of 

an even order. 

Cob. 1. If u = maximum or minimum, any constant 
multiple of {u) is a maximum or minimum. ' 

du du 

For if — — = 0, a — — is also = ; 
oo? dtV 

and therefore i{ u = maximum, at^ is also a maximum. 



CoE. 2. If /(<2?) be a maximum or minimum, /(•!?)]% 
where n is integral, is also a maximum or minimum. 

For let u^f{w). 



» . 



and U=^f(ai)\ 5 
if t« be a maximum or minimum, 

J rj 

and — - = n ./(a?)!"'/' (^) = ; •.• /' («) = ; 

(tiff 

and therefore C is a maximum or minimum. 



9^ MAXIMA AND MINIMA. 

CoE. S. If u =/(^) be a maximum or minimum, log u 
is sometimes a maximum or minimum. 

_ ,_ _ dU I du 

Let U = loe w ; .•. — = - . -r- . 

da? t^ oo? 

^ du dU 

But -7- =0; .\ -— - = 0, 
dw dx 

or f7 is a maximum or minimum, unless as = a makes w = 0. 

CoE. 4. If w = maximum, - is a minimum, and con- 

u 



versely. 



_ - 1 dv I du 

For let tj = - ; *. ^- == z -1- >> 

u dx w dso 



d^v 2 du^ 1 d^u 1 d^w 

d*z^ d^i? . . •!• 1 

Therefore, if — - be negative, --— is positive, or if u be 
- dor dor 

a maximum, — is a minimum. 

u 



EXAMPLES. 

(1) Let u- 0^ — 6<r^ + 11 <r - 6 ; find the values of <r 
M^hich make u a maximum or minimum. 

du 

— - = 307^ - 120?+ 11 = 0; 
dx 



.-. 07^ - 4a? -1-4 = ■^; .-. a? = 2 ± — 7== 2 ± -^7-, 



1 \/3 

-— = 2=fc — 

-— =6ci?- 12. 
dor 



T * V^ di'u y- . 

Let 0? = 2 -H — — ; .-. — — = 2 v 3 indicates a minimum, 

o CLOu 



\/J d^'u 

~3 



,i7_o-.ji__. ..^ ^__.__oy/3 a maximum. 

uX 



I 
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(2) Let y = <2? tan — ; find a? that y may be a 

4 Av COS CT 

maximum or minimum. 

-^ = tan0--- ,-^, 

dj? 2 A cos* 

d'y 1 



do?^ 2 A cos* 0* 

From -T^ = 0, .r = 2 A tan cos^ 9 = 2h sin d cos d ; 

d^y . . 

also —— is negative; .'. y is a maximum, 
dor 

^ . ^ ^ 4A'^sin^dcos2 

and y = 2 A tan . sm cos ; ^-^ — 

4!hcosrd 

= 2A sin*0 - A sin*d = A sin^O. 

This equation is that of the path of the projectile, and the 
maximum value of y is the greatest altitude above the horizon- 
tal plane. 

(3) u ^ sin w\^ . {sin(a — 0?)}"; find w that u may be a 
maximum or minimum. 

du 



J = m sina?r"^ sin a — a' |" . cos x 
ax 



- n sin a? I" . sin a- a?l""^ .cos (a - a?) = ; 

w sin (a — 0?) . cos a? — w sin a? cos (a — a?) = ; 

sin (o — <r) . cos x n 
cos {a — x) . sin a? wi 

sin (o — a?) cos .2? + cos {a — <r) sin x n + tn 
sin (a — a?) cos a? — sin a? cos a —x n^-m 

sin a n - w 



or 



sin (a — 2 0?) n -\- m 
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• / « X n-m , 
or sin (a — 2w) = . sm a, 

whence (a — 2,i?) may be found from the tables; and there- 
fore J?. 

log X 

(4) u = ; find i2? that u may be a maximum. 

•2? 

dw 1 — loff a? 

— = ^- =0; 

d«r a?* 

.'. log a? = 1 = log c; 

• • up ss ^- 

and t* = - . 
e 

(5) Find that fraction which exceeds its second power 
by the greatest possible number. 

Let 07 be the fraction; 

.'. u = iV - ar^ is SL maximum ; 
du , 

-— = - 2, or «T7 = ^, IS a maximum. 

(6) Find the distance of P from J, 
that z CPJ8 may be a maximum. 

JB = a, AP^ w, 

AC=b, /^CPB = e; 

.-. = z CPJ - z fiP^ 

= tan"^ tan"* -, 




tan0 = 
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b a 

OD w {b — d).x 
ab ^ -" o.b 



and because d is a maximum, tan 6 is also a maximum, and 
1 . 



tand 



IS a mmimum; 



a^ ^ ab ab 



du ab /— 

— = 1 - — =0; .\ w = y/ab; 

and therefore uiP is a tangent to a circle circumscribing the 
triangle PBC. 

(7) Of all triangles upon the same base, and having the 
same perimeter, the isosceles has the greatest area : 

2P the perimeter and the given base, 
w and y the remaining sides; 

.-. area = VP'(P - a) .{P - a;) .{P -y); 

and since P and P — a are invariable, and if y/u be a max- 
imum, u is also a maximum. 

Let u^ (P-x).(P-y). 

But P-y = P-(2P-a-a?) = a + j?-P; 

.'. w = (P - a?) . (a + a? - P), 

du 
do? 

.-. -a - 20? + 2P = 0; 

_ a 
.*. a? = P , 

2 
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^ 9, 

2 
and therefore ^ = y, or the triangle is isosceles. 

Since —7 == — 2, the triangle is a maximum^ 

« 

and area = - \/ P . (P - a). 

(8) Divide a number (a) into two such parts, that the 
product of the m*^ power of the one into the ri^ power of the 
other may be a maximum. 

X one part ; therefore a — a? is the other ; 



,in '" 



-w = a?'" . o — a? I > 

aw ' ' 

= af^^^ .a — w\^ \fna — (wi+w).a?| = 0, 

ma 



whence a? = 0, a? = a, and ci? = 



mn- w' 



— ^= {(m-l)..^?"-^a-a?]""'-.(?^-l).a?'«-^a-.a?]""''} 



which vanishes when ^r? = and a? = a, but if tz? = 



d^w . / ma X*""^ / na N""^ 



w H- w' 



rfiT 



2 



. ^ f ma X*""' / na \""^ 



ma 
.•. w = ffives u = maximum. 



jT = and tr = a will give no results unless m and n are even. 
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And then -— = fit.(m - l){m - 2). ..2.1. a - a?]* + 0(^), 
^— =w.(n- l)(n-2)...2.1.^'* + 0(a-<r), 

J-;; = "*•(♦»- l)(*'*~2)...2.1-a% when a? = 0, 

d*u 
and -—- sn.(n - l)(n-2)...2,l.o'*, when 4? = a; 

both of which correspond to minima. 

(9) tt*- 3a«a7 + ^ = 0; find a? that u may be a max- 
imum. 

Instead of solving the equation with respect to (u)^ 
/differentiate the implicit function; and we have 

--— . (t** - aai) — ot* + 07* = 0. 
dx 

flu jSr 

But — -=sO; .-. a?*-aw = 0, or u — — ; 
dx a 

whence, by substitution in the original equation, 

Sa?*-|-a?' = 0...(l); .•. a^-Zc^; .•. a? = a.v2. 

a* 

* 

Differentiating a second time, 

d^u , ^ ^ du ^ du ^ du 

-— M - aw) + -— . (2m- a) - a ~- + 207 = 0. 

d^ ^ dw dw dx 



du - ^ 07* 0? 

— = 0, and «^ - ao7 = -T - ao? = — 
dx or or 



But -J- = 0, and «^ - ao? = — - ao? = ~ . (o?* - a^) = + ao? ; 



d*M - 2o7 2 



dx^ ax a 

From equation (l) we also have o? = 0; and therefore 2^ = 0- 

G 
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NO^ T:r= 1 = ;: ' if X = 0. 

aar vr — ax 
Treating the fraction as a vanishing one, 



d^ 



-2 2, 

= - , when 0? = ; 
at^ a 



2w-- a 

dw 



.-. a? = gives w = 0, a minimum. 
Also a?=a\/2 gives u^ay/^^ a maximum. 

(10) Bisect a triangle by the G. 

shortest line. 

ABC the triangle, and PQ, the 
shortest line. 

sP = 0? 1 ay bj c the three sides of 
if Q = y ^ the triangle, C the b 




PQ^u 

Then 



xy fsinC; 



.• A J5C = 2 aMPQ; 

ab sin C ^y sin C 

2 2 

t^^ = a?* -f y^ -■ 2a?y cos C = j;* H — -r — a6 cos C = minimum ; 

du ' a^b^ 

.•. 2w-— = = 2^ -; 

dx 9.ir 



.•. XT «= , or a? 

4 ' 

a6 a6 



^ /oft , o6 ^ /ab 

\/ — , and y = — = X/ — ; 
^2 ^20? ^2 



ao ab /' 

/. tt^a — + a6 cos C»a&. (1 -cos C)«a&. I 

c« _ (o _ 6)» 



2a6 



) 



2 



^/ (c-o + 6)(c + g-6) 



• • 



EXAMPLES. 
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(ll) Describe about a given circle 
ABC^ the least isosceles triangle. 

DPQ the triangle, DP touching the 
circle at A. 



DO^x, .-. DA = \/,r^-a*; 
OA^a. 
Now DB : PB :: DA : OA; 



.-. Pfi=:£?0^=^"-^">"" 




DA 
.-. A DPQ = PB X DB 



\/^- a^ 



^maximum. 



= ^ X (a? + a) = a . U ^fi 

f 

(iV — aY / r— 

Whence, if m = -' ^ , a? = 2 a, and w i* a*. 3 \/s. 

0? — a > 

(12) Find the greatest area that can h(^ included by four 
given straight lines. 

Let a, b^ c, d= the four lines, 

6 the z included by a, 6, 

.... /. c^ dy 

D the' diagonal subtending the 
two angles, and dividing the quadrila- 
teral into two As; 

ab, sin 9 cd sin 




.-. u = area = 



+ 



maximum ; 
d(f)' 



2 2 

dw , / , ^ , , (/0\ 

.-. ^-r = i . I ao . cos + ,ca cps © . -~ =0. 
dd '^ \ ^ dO/ 

But c^ + d"^ - 2cd cos = D* = a^ + fe^ - 2o6 . cos ; 

, d0 ^ sin 
.•. cd . -r^ s: ab. ^ 



•« 



d0 sin ' 

G 2 
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.', substituting this value, and dividing by — . 

^ ^ sine 
cos 6 + cos .-: = ; 

^ sm 

.*. sin . cos + sin cos = sin (0 + 6) = = sin tt ; 

or the quadrilateral is one which may be inscribed in a circle, 

ttb 4- cd J 

• = v^(P-a) (P-6) (P^c) {P-d), 



and u = 



sm 



where P = 



a H- 6 H-cH- d 



(is) Cut the greatest ellipse 
from a given cone. ABD the 
cone. PB the elliptic section, 

BC^fi^NP^y, 
PB the axis-major = 2 a, 
and axis-minor = 26. 



Now area of ellipse = 7ro6, {Integral Calculus), 
And 26 = \/PQ X J?Z> = \/2a? x 2)3 = 2\/J3^, 

2a = \/mpVNP^^ \/i3 + a?|' + jvrp«. 

But iVrP=CJx = a '^ 




^^JIV 



• ^ ' 



••• 2a = VC/S + ^)' + ^ (/3 - /r)^ 



/ # 



.*. area 



= u = .:^ . VjsT^' + 1^+ ^)« = 



maximum. 
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, du fl-V^ J. /^ ,, a»^ ,, 1 



+ V^> 



03 + *)-^O-*) 



V (j8 + x)«+^.()3-a;)'. 



^=0; 



^« 



whence ?(^W_1(^=_(«.,^, 



3 '^ a' + /3* '^9^ V + /3V 3 

2)8 (g" - jg*) A /3 Va* - 14/3'«' + /3« 

3 («» + /3^) 

and the problem is possible so long as a* - U/^a* + /3* is 
positive. The limit of possibility is when the radical dis- 
appears. 

Then o* - 14/3* o* + 49/3* = 48/3* ; 



.-. a» = 7/3*±\/48)3*=j3*{7±4V^}; 
.-. a = /3(2±\/3), 

and. = i^.^-^=^.i±^ = 4. 
3 8±4y^ 3 2+V3 ^/i 

* 

(14) The content of a cone being given, find its form 
when its surface im|inaximum. 
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w the altitude, and y the radius of the base, 
the given content = , 

u = surface = convex surface + base. 

And convex surface = sector of circle of which the radius is the 
slant side and the arc the circumference of the base of cone ; 

.*. u = 7ry \/ cG^ + J^ -}- Try*. 



But y^ = ^ ; ,-. y^ 4- tV' = 









{ — ^ — r 



whence because — - = = o^ - 2o^ = 2a' var* -f a*^ ; 

.-. (a?* + c^) - 2a* \/j;^ + a' + o^ « 4a' ; 
.-. \/^T^=3a*; 

.\ oT^sSa', and a? = 2a, 

_ €? c? a 

^ 2 y^2 

Tra / ^ ^ Tpa^ 

and t^ = —7= . sJ 4a* + — h = 27ra^. 

V2 2 2 

Since i^ = — , and ^^ = 4a^ ; 
^ 2 

?^-^ 



and y = 



the equation to the generating line, % • 
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du 

81. If a? = a, make -—=00, the preceding rules are in- 

applicable, since they are founded upon the supposition that 
/ (a + A) is expanded according to the ascending integral 
powers of h by means of Taylor's Theorem ; but when the 
differential coefficients become infinite, the developement cannot 
be effected by it. 

Let then f (a + h)he expanded by the ordinary methods, 
and assume 

f{a + h) ^f(a) + Pr + Qh^ + Rh7 + &c. 

where a is the least of all the indices of h ; 

... f(a-^h) ^f{a) = PA" + Qh^ + i?A^ + &c. ... (l), 

and f(a-h) -f(a) = P(- A)**-f Q(- hf+ &c. 
by writing (- h) for h in series (l). 

Now if h be made very small, the algebraical sign of the 
developements will depend on that of their first term. If 
therefore we have a maximum or minimum, since 

f{a + h) —/(a), and f(a-h) -/ (a) must have the same signs, 

Ph^ and P(- A)"; and .-. A" and (-A)"' must have the same sign. 

or (a) must either be an even number or a fraction with an 
even number for its numerator. 

(1) If (a) be an even number, it shews that at a maximum 
or minimum the first existent term of the developement must 
involve an even power of A, a conclusion we have already come 
to in the preceding pages. 

(2) If a be a fraction, it must be of the form 



2m -I- 1 

a 

Ex. Let 1^ = 6 + c (^ - ay. 

Here — = — ■, which is infinite, if w = a. 

d.v S ^r - a I* 
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But X ^ a^ gives u = 6, 

X = a •\'h gives u — h-\- ch*, 

x = a — h u = b -k- ch*f 

and f(a + h) and f(a-h) are both >/(a), if c be positive, 

<f(a)y if c be negative. 

If .\ c be positive x = o, makes t« = 6 a minimum, 

c be negative a? = a, «^ = 6 a maximum. 

For other examples, see Collection of Examples on the 
Differential and Integral Calculus. 




CHAPTER VIII. 



EQUATIONS TO CUKYES. 

-82. Wj: proceed briefly to treat of the equations to a 
straight line, to the circle, the conic sections, and some other 
curves, which will be frequently referred to in the succeeding 
pages. 

For complete investigations of the properties of the conic 
sections and curves in general, we must refer to works ex- 
pressly written on these subjects. 

The object of this Chapter is to furnish the student with 
such a knowledge of the nature of certain curves, as may make 
the applications of the Differential Calculus to them obvious 
and interesting. 

We must first premise some elementary remarks before we 
explain the nature of these equations. 

83. From a point J, assumed at ^ 
pleasure, draw two lines Ay^ Aoo, perpen- ** 
dicular to each other ; then the position of 
a point P, situated within the angle yAaOj 
will be known if the perpendicular distances ■* 
PJVand PM from P upon Ax^ and Ay be known. 

Ay and Ax are called axes, and PM and PN the ordinates 
of the point P : but since AN = PM, the line PM is seldom 
drawn, but the position of P determined by taking AN equal 
to it, and then from N drawing NP perpendicular to Ax. 

NP is then called the ordinate, and AN the abscissa; 
and AN and NP the co-ordinates of P. 

Ax h termed the axis of abscissas, and Ay the axis of 
ordinates. 
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EaUATIONS TO A POINT. 



84. Now a curve is a series of points, and if their re- 
spective distances from two such axes as ^^ and Ax be known, 
the curve itself may be drawn. Also every possible equation 
y = / (jxi) may be represented by a series of points ; for if it be 
assumed that the values of x may be taken along the line Aoc^ 
and those of y be drawn perpendicular to the axis, we shall 
have, when w = AN^ y =f{AN)^ which may be represented by 
some line as NP. Hence Ax is called the axis of a?, and Ay 
the axis of (y), and the point A the origin of the co-ordinates ; 
since the values of x and y begin at A^ and are measured 
from it. 

85. If AN = a, and NP = 6, 
then ^ = a, and y = bj 

are the equations to a point P, 

If however we take ANi = AN^ 
and MPi-MPy and complete the rect- 
angle PP29 

Then unless some assumption be 
made with respect to the algebraical sign 
of a and 6, we shall be unable to tell in which of the angles 
yAx, yAxi^ «i^yi> or yiAx is, since P, P,, Pg, Pg, in the 
annexed figure, are each at the same distances from the lines 
yAyi and xAx^. 

If however the values of x^ when measured from A along 

Ax^ or to the right hand of Ay be reckoned positive, and those 

in the direction of Ax^^ or to the left of Ay be negative; and 

if the ordinates which are above xAx^ be called positive, and 

negative when measured below the same line, no difficulty can 

arise, and then ,3? = + a] i ^ , . „ 

, > determines the point P, 







y 








p 




M 




F 




< 














Ni 


A 




BT 












"30 


p. 

4 


I 


u 









y 

X 

y 

X 

y 

X 

y 



= +al 



Pi, 



P., 



Pz, 



EaUATIOKR TO CURVES. 



107 



Cor. 1. The distance of a point 
P from the origin, or 

AP = y/JN* + PAT^ = v^^ -f y". 

Cor. 2. The distance between two 
points P and P, is thus found. 

-4 the origin. AN- ar, JJVi « a?j, 

ArP=y, NP.^y,; 



y 




^ 


^ 




p 


^^^ " 


irt 







N 



PP, = distance = \/ Pm^ + PiWi' 

= y/(AN,'ANy + (P, JVi - PJV)^ 



Q 



86. If in the curve CPQ the re- 
lation between PN and -4JV be known, 
and P2V be a function of (AN), the 
equation to the curve is said to be known ; 
and from this equation, the curve itself 
may be drawn. Sometimes the equation 
y =f(^) IS to be found from some given - 
property of the curve ; as in the circle, of which the property 
is that all lines drawn from the center to the circumference are 
equal. To questions of this description our attention in this 
Chapter will be solely directed. 

Since AN and NP are drawn at right angles to each 
other, the equation y =/(^) is called an equation to rectan- 
gular co-ordinates. 

87. Many curves however cannot be expressed by an 
equation between rectangular co-ordinates. 

Such are the Spirals, which may be conceived to be de- 
scribed by the extremity of a straight line of variable length, 
which revolves round a fixed point, called the pole of the 
spiral. 

The revolving line (called the radius vector) may be con- 
sidered as a function of the angle described. 
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THE STRAIGHT LINE. 



Thus if *S be the pole, SP the radius 
vector, SA the original position of SP, and 

z ASP = 0y 

r =fi9) is the equation to the spiral. 
r and are called polar co-ordinates. 

We now proceed to investigate the equa- 
tion to the straight line. 




line. 



88. The equation to the straight 



AiVy Ay the two axes of a? and y. 

AN^x 
NP^y)^ 
jLPCA^d 



Bn 1 to PN, 
ABr=.b, 




_, Pn BA 

Then — - = --— = tan0, 
Bn CA 



y-h 



or ^ = tan = a, by writing a for tan ; 

.*. y = ax + b, 

Co£. 1. If the line be drawn through a given point, let 
a and (i be the co-ordinates of the point. 

Then, when <r = a, y = )3 ; 

.'. fi = aa + by 
and y = ax + b ; 



•'• y - fi = a(x -a). 



CoE. 2. If the line be drawn through the origin, 

AB = 0; and .*. 6 = 0; 
and y sz ax is the equation to a line drawn through A. 



THE STRAIGHT LINE. 
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89. If two lines intersect, find the point of intersection. 

Let y- aaff -{-by and y ss OiX + by be the equations of the 
two lines. 

Then, at the point of intersection, the values of the co- 
ordinate are the same for both lines; 



•. o^ + 


b 


s= Oi<r + fei, 


and 


•1 


aby — ab 



a -- a^ 



+ h 



abi — ai6 
a — flj 



90. Find the equation to the line which passes through 
two given points. 

Let y^aw-\'bhe the equation to the line where (a) and 
(b) are to be determined. 

a and /3, Oi and /3i the co-ordinates of the two points ; 

.-. (i ^ aa -^ b (l), 

and /3i=s oai+ 6 (2); 

.-. i3-/3, = o.(a-ai); 



a s 



a — ai 



But 



y ss ax ^b. 



and (i - aa-^b; 

.'. y - iS = a . (^ - a) = . (^ - a). 

a — ai 

91. To find the angle which two y 
straight lines make with each other at 
the point of intersection. 

y^ ax -k-bf and y = ayX + 6i , 
the equations to the two lines. 
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PQR and PiQRi the lines. 

From A draw An parallel to PR, 
and Am parallel to P'l?'; 

.-. /.nAm = PQP"; 

.'. PQP^ = nAof - mAw = tan"' a - tan"* a,. 



and tan PQP' = 



1 + aa^ 



CoE. 1. If the lines be parallel, PQP^ 0, and a - Oi = O ; 

01 = 0) 

and y ^ ax -\-h 

y 



, > 9 are the equations to two parallel lines. 



CoK. 2, If the lines be perpendicular, 
tan PQP' = - = i ; 

1 + OOi 

.-. 1 + aoi = 0, and ai = — ; 

a 

therefore, if y = aa? + 6 be the equation to a line, 

1 , 
y = - - d? + fej 

a 
is the equation to a line perpendicular to it. 

92. Find the equation to a line drawn through a given 
point perpendicular to a given line. 

y =s UiV + bj the equation to the given line, a and (i the 
co-ordinates of the given point; 

.*. y 0? + 6i is the equation to the perpendicular, 

also /3 = a + 6i , since it passes through (a, (i) ; 

.*. (y — fi) — (a? — a) is the equation required. 

€4/ 
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93. Find the perpendicular distance of a given point 
from a given line. 

^ = aj7 + 6 the equation to the given line, and (/S, a) the 
given point; 

••• (y-/3)«--(^-a) 

a 

is the equation to a perpendicular from a given point upon 
the given line. 

Then if S be the distance required, and y, and Wi the 
coordinates of the point of intersection of the given line with 
the perpendicular, 



3 = y/i^i - ay + (yi - )3)* = (a?, - a) . . 

a 



But oa?i -i-osz fi^- 



9 

a 



.-. ofi (a* + 1) « afi -I- a — o6 ; 

0/3 + a-- ab 
a*-f 1 

•*• O — y =^ — > > 

where /3i is the value of y when a? = a. 

94. Find the equation to a straight line which passes 
through a given point, and makes with a given line a given 
angle. 

Let y^aw + 6 be the equation to the given line, 
y a* a^w + bi the required equation, 
j3 smd a the co-ordinates of the given point ; 

.'. (y — )3) = ©1 (^ - a) is the equation to the line. 
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Let tan"*w be the given angle; 

.-. tan~*m = tan'^o - tan~*ai; 

.'. tan"* «! = tan"* a — tan** m ; 

a — m 

... a^^' ; 

1 + ma 

1 + ma 
is the equation required. 

95. Find the equation to a straight line, which cuts the 
axis of (y) at a distance {E) from the origin, and the axis of 
{w) at a distance {A) from the origin, in terms of B and A. 

y ^ax -\-b the equation to the line, 

when a? = 0, y^B— .\b^ 

and y = 0, a? = -i; .-. uA -^^ B = 0; ,•. a= ; 



A 



B 

A 

y « 

— +-7 = 1 is the equation. 

B A 



THE CIRCLE. 

96. The circle is a curve of which the property is, that 
every point in its circumference is equi-distant from the centre* 

Let a and /3 be the co-ordinates of the centre, 
X and y of a point in the circumference, 
a the radius. 

Then distance between two points a, /3, and a?, y 
= V^(a? - a)^ + (y - ^* = a, the radius ; 

is the equation to the circle. 



TBAXSFOEMATIOK OF CO-OBDINATES. 
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Cob. 1. If the origin be in the circumference, and the 
axis of X pass through the centre, 

/3 a: 0, and a^a,, 

.'. y* + j;* — 2 a J? = 0, 

or y* = %ax ^a^. 

Cob. 2. If the origin be in the centre, 

a = 0, and /3 = ; 
.*. y* -I- op^ - o* = 0, 
and y* ss a* — a?*. 



TRANSFORMATION OF CO-ORDINATES. 

97* In some problems it is necessary to change the 
position of the axes, the place of the origin, or the inclination 
of the axes ; these cases will be separately treated. 

(l) Let the origin be changed, 
but the axes remain parallel. 

A the origin at first. 
B the new origin. 
P a point in the curve. 
AC^a 

AN = a7, BM s= ^1 , 




:;} 



the co-ordinates of B. 



NP^y, MP^y,, 



Then a? = .rj + a, and y = yi + /3. 

Substitute these values for w and y, and the equation i» 
transformed, and the co-ordinates are measured from B. 

H 
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TRANSFOBMATION OF CO-0«l>INATES. 



(2) Let the axes be changed but still rectangular. 




IT f» 



Ax, Ay, the old axes, 
Ax^, Ayi9 the new ones. 

AN ^ w, AM ^ x^, /LxAxi 



= 0, 



Draw Mm perpendicular to PN, and Mn perpendicular to 
Ax\ 

.-. w = An - Nn = ^i cos - yi sin Q, 

y = JVw + Pw = J?isin0 + yicos0. For z. mPM ^0. 

(3) New axes not rectangular, but the origin the same. 




Ayi, Axi, the new axes, 

z yiAxi^ A, 

z XiAx = 0, 
PM parallel to Ayi, 
AM - Xi9 AN^cc, 
MP^y,, NP^y, 

X « An -f nN = x^ cos 9 -{-yi cos {A + 9), 
y =» JVfi?' + Pfn « a?, sin + y, sin {A + 0). 
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CoK. 1. If we wish to transfcHin from oblique to rect- 
angular. Since 

w^Xi cos fl 4- yi cos {A + 0), 
y s a?i sin d + yi sin ( J + 0) ; 
.-. ^r sin s a?! cos sin d + yi cos (-i + Q) sin 0, 
y cos 9^w^ cos d sin d + yi sin {A + 0) cos Q\ 
.'. y cos - a? sin = yi Jsin (J + 0) . cos 6 - cos (-4 + 0) sin 0} 

= yi sin J ; 

y cos — J? sin 
sin^ 

Again, 

.1? sin (J + 6) = *ri sin (J + 0) cos + yi sin (J + 0) cos (A + 0), 

2/ cos (A + 0) = ,i?i cos (J + 0) sin + yi sin (J + fl) cos (A-^-d); 

.-. .r sin (A + 9) -y cos (-4 + fl) = .Ti sin A ; 

a? sin (-4 + 0) - y cos (A + 0) 
sm A 

Let (01 = z yi Jaji) ; .-. -rf = (0i - 9), and J + = 0, ; 

y cos — J? sin 



*• yi = 



and ^1 = 



sin (0, - 9) ' 
^ sin 01 — y cos 0i 



sin (0 « 0i) 

Cor. 2. If A = 90", cos (^ + 0) = - sin 0, 

and sin (-/< + 0) = cos 0, 
and J? = a?i cos — yi sin 0, 

y a= .ri sin + yi cos 0, 

as in the preceding case. 

H 2 



llfr 



TBAKSFOBMATION OF CCKOEDINATBS. 




(4) If the oi?igiit and inclination of the axes be changed. 

Let a and fi be the co-ordinates of the origin, and then we 
must put 

0? =3 a + a?i cos 9 +yi cos (J + 9)y 
y = /3 -I- a?i sin -f yi sin (-4 + 0). 

98. To transform rectangular co-ordinates into polar, the 
origin being the pole. 

,\ w = r cos d, 

y = r sin dy 

which put for w and y and the equation will be transformed. ' 

But if the point S be the pole, 
draw SB perpendicular to Ax^ and 
Sm perpendicular to PJV, 

AB = a, SP^ r, 

J?5 = j3, zP*m = 0; 

.-. 0? = JJ? + BN = a + r cos 0, 

y = SAy + Pm = /3 + r sin 9. 

Ex. 1. Find the polar equation to the circle round a 
point S^ co-ordinates a and /3, 

0?^ + y* = a^ ; 
••. {a-^-T co^9y + ()3 + r sin Gf = a*; 

.-. r* + 2r . (a cos + )3 sin 0) + a^ + /y - a* = 0. 

Ex. 2. Transform (o?^ + j^y = a* (a?^ - y^) into polar co- 
ordinates, the origin being the pole, 

a?* + y* = r*, and w =^r cos 9^ y ^ r sin fl ; 

.-. r* = a*r' . (cos* 9 - sin® 0) ; 

.-. 7^ = a^ cos 20. 




THE PAKABOLA. 
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Ex. 3. Transform the equation ^ -- y* » a* into another, 
the co-ordinates of which are rectangular, but the axis of y^ is 
inclined at an z 45^ to the axis of j?, 

X » Xi cos — yi sin 0, 
y sx ^, sin d + ^1 cos d, 

= 27r - 45 ; .*. cos Q = cos 45 = 



and sin = — sin 45 = 



^/i^ 



- 1 



yi' 



• ■ *i? » 









y/% 



.-. X -y - ^-^ ^^ ^-^ = = SA'iyi «= a ; 






THE PARABOLA. 

99. If from a fixed line QDq perpendicular lines, as 
QPy are drawn intersecting lines equal in 
length, but drawn from a fixed point P, 
the locus of P is the parabola. 

Draw SD perpendicular to Qq, 
Bisect SD in A 9 then the curve passes 
through A. 

Let SA^ AD^ a, 

AN = X, 
NP^y. 
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TUS SLLIPSE^ 



Now QP or DNv^SP; 

.. DA + JN^ y/NF^ + ^JVr»; 
.-. a + 4? « v^y* + (^ - a)^; 
.'. (a H- a?)* or (a? - ay + 4aar « y« + (a? - a)*; 

.'. y* s 4aa?. 

CoE. Let SP = r, and z u4*SP = 0. 

Then r «= 2>Ar= 2a + SN =2a + r cos PASiV 
= 2a — r cos 0; 



2a 



a 



,'. r = 



1+COS0 



COS* — 

2 



The polar equation. 



THE ELLIPSE. 



100. If from two fixed points 5 and ^T two lines SP 




and PH be drawn and intersect, and SP+PH=a constant line. 
The locus of P is an ellipse. ) 

Let SP + PH^Za. \ 

* 

Bisect SH in C, and take CA^CM^ a, the curve pasles 
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Through C draw BCb perpendicular to SH, 

With centre S and radius s a cut this line in the points 
B and b the curve irill pass through B and 6, since HB and 
^6 each » a. 

Let CaS : CJ :: 6 : 1 ; 

.*. CaS^s acy which is called the eccentricity. 

Make CN^^^w^ and CB^b, *SP = D, 
JVP«y :HP^D,', 

and D* - A* = ^aea. 

But i) + A«2a; 
.•. D — Di 3sfiea>; 

.*. Z) = a + ex, and />, = a — ed?; 
.-. ly + Di'^ %c? + 2e*«* = 2 (aV + a;* + y') ; 
.-. y* = o«.(l -e»)-a»«.(l-e») 

= (1 - c») (a» - s^. 



But 1 - e* = 1 - 



a* a* o* o«* 



... y» = ^(a»_^), 



a* 



and — H =1. 

CoE: 1. If ^ be the origin. 

Make AN = Wi ; 

.'. tVj = a + 07, or a? = tt'i — a ; 



12a 



THS HYPERBOLA. 



.'. o* — j?^ = 2oa?i — Xi ; 

a- 
CoE. 2. If S be the pole, and ASP = &, and iSP = r ; 

.-. (2 a - r)« = J7/« = iff JNT^ + NF^ = (2 a e - aSAT)* + r« sin' 6^, 

and *SJV^ = r cos PiSfi" = - r cos ; 
,-. 4a* - 4or + r* = (2ac + r cos 0)* + r* sin* ^ 

= 4a' c* + 4acr cos ^H-r*; 
.-. r . (1 + c cos 0) = a (l - c*), 

a(l-e*) 



r = 



1 + c cos ^ 



CoE. 3. If C be the pole, CP = r, and PCilf = d. 

Then x = r cos 0, and y = r sin ; 

^ y'__ o /cos*d sin* e\ _ 



a6 



.-. r = 



a6 



\/6* cos* + a* sin* V o* ( 1 - e*) cos* + a* sin* (9 

h 

V 1 - 6* cos* 6 

101. If the difference between SP and PJET be constant, 
the locus of P is the hyperbola. 

Let the difference be 
2 a. 

Bisect SH in C. 

Take CA^a^ CM, ^ 
and the curve passes through A^ 

CN^x] ^ ^ 

-__ >. Let CS 5= e . CA = ea, where e > 1. 
NP = y] ^ 
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Then HP^ ^ HN^ -^^ NP" ^ (ea-^ wy ■^^y' ^ D,\ 

whence 2>i* + D* = 2 . (rfc* + a?* + y*), 
and Di* - D* = 4ae^. 

Also A-^ = 2a; 
.-. 2>i + /) = 2ea?; 
.•. 2>i » a + c J?, and Z) = a - co? ; 

.-. 2a* 4- 2«*a'* = 2 (oV + a?* + y*), 

and y* « (c^ - 1) .a» - (e« - 1) o* 
= (e» - 1) . (jr^ - a*) 

Making 6* = a* (c* - 1) ; 

y* ^ 

Cob. 1. If ^ be the origin, and AN^x^^ 

ti? 5=^1 + a; 
.'. «r + a = 0?! + 2a, 
and d? — a = ti?i ; 
/. a?* - a* = j?i* + 2aa7i, 

and S^ = -i (2aa?i + a?i*). 
a 

CoE. 2. To find the polar equation, S being the pole, 

SP^r, 

z ASP ^9. 
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THE »YPEEBOI*A. 



Then (2a + ry = HP'^PN''^HN^ 

^ PN^ -^ (2CS + SNf 

= 7^ sin^ H- (2ae - r cos Of ; 

,-. 4!a^ + 4ar + r^ = r^ + 4.a*c^ - 4.ocr cos S ; 

.-. r . (1 + c cos 0) = a (e^ - 1)5 

a(e'-l) 



r = 



1 + e cos 



CoE. 3. If C be the pole, 

.«. .r = r cos 0, and y = r sin 6, 
a?* y^_ 2 /cos^e sin^0\ _ 



8i.ii 



»•* = 



a 



8 -,:«2 zi > 



b' cos^ e - a* sin-^ 
ab 



r = 



\/fe^ cos^ - a^ sin^ \/c' . cos^ 6 - l 



102. The asymptotes being the 
axes, and the centre the origin, find 
the equation to the hyperbola. 

The asymptotes are lines, as CO 
and Co, drawn through the centre, 

making an angle = tan' ^ - with the 



a 



axis of the hyperbola. 

CN^oo^ CM^w^, axid OCJ=oCJ=0^ 

Draw Mn perpendicular to CAN^ 
and Pm perpendicular to Mn, 
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Since MP is parallel to Co, and Put is parallel to CAN, 

.-. AMPm^B. 
Now w^ Cn + fiN^jPiCosO-k-yiCosB^ (a?, + yi)cos0) 

xv 6 o^ 1 6* + o* 

But tan0= -; .-. l+tan*&= — r-;r « — -— ; 

a cos" a* 

C08*d 1 



and 



sin« cos* 1 



V a» fe* + a"' 



. (^1 -I- yiY - (^1 - yiY _ 

i. e. 4«riyi = a* + 6*, 
^lyi = — ; — • 

4 

Cob. If the hyperbola be rectangular, 6 = a, 

and a?,yi= --. 

103. The curves whose equations we have just investi* 
gated are termed Conic Sections, since they may be supposed 
to arise from the intersection of a cone by a plane. 

The Conic Sections, exclusive of the straight line, are 
also called curves of the second degree, since the sum of the 
indices of the unknown quanties does not exceed two. 

The general equation of the second degree is of the form 

Ay^ + Bwy + Ca^ + Dy + Ex + F = 0. 
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Now if the centre be the origin, the equation to the curve 
is the same when (— ^v) and (—y) are put for j? and y: con- 
sequently the origin of the co-ordinates of the general equation 
is not in the centre ; since Dy and JEof will both change their 
signs, when (— y) and (— <J?) are put for y and a?. 

To get rid of these terms, transform the equation to the 
centre by putting ^ + a and y + j3 for <r and y^ and making the 
coefficients of iV and y respectively =x o, we shall have two 
equations for determining a and j3; 

^AE-- BD 



and a ~ 



i3 = 



2CD-BE 



B^^4>JC 

The equation is now reduced to 

A^ + Ba^y + C ai^ + Fi = 0. 

Next, to get rid of the term Boey ; let the axes be changed 
to others, making an angle with the axis of <r, by putting 

a? = 0? cos — y sin 0, 

and y^^ofsin&'^y cos 0. 

Therefore the coefficient of xy becomes 

2 A sin $cos9 + B (cos* - sin* 0) - 2C sin cos0 = 0, 

or (A-C) sin20^ " B cos 20 ; 

-J? 



.-. tan 20 = 



aTc' 



an equation which is always possible, since the tangent passes 
through all degrees of magnitude from zero to infinity. The 
reduced equation finally becomes 

My" + Na^ + Fi=^0, 

which may be made to coincide with the equations to the 
circle, the ellipse, or the hyperbola, by giving proper values 
to My Nf and Fi, 



OF THE SECOND DEGREE. 12d 

Cor. 1. If J3^ s: ^ACy a and /3 are infinite, and the curve 
has not a centre. 

The equation without the term Btvy becomes 

Now 4if .JV=4^C--B*-0; 

therefore either if or JV = 0. 

Let N =0; then the equation becomes 

Jlfy* + Pcr + i?9 + F=0. 

Again, to get rid of the terms Ry and F, make 

d? s ^ + a, and y ^y -^-b, 
and we have 

My* + (2if6 + i?) y + Pj? + Po + ilft + Mf^ + P= 0; 
to determine a and 6, 

let 2 Af 6 + iJ = 0, or 6 = ^ , 

2M 

3 w. «r ,^., ^ Rb + MV-k-F 

and Po + i?ft-|-if6«-|-JF=0; .-. o = ; 

and the equation becomes 

My" + Par = 0, 
the equiation to the parabola. 

If Jf = O9 then we shall have 

CoR. 2. If Jfy'^ + Na^ = P...(l) be an ellipse, find the 
axes. 

The equation to the ellipse is 

al'^^-JfaP^a^b* (2); 

let (A) be such a quantity as multiplied into the equation (l), 
will make the terms identical with those of equation (2) ; 
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.•.hM=a\ kN^lf, and hF = a^V; 

F 



.: h* MN = a'V =: hF ; .: h = 



MN" 



F /f F /T 

104. We have assumed that 

to prove this we must find M and N in terms of A^ C, and B. 
By putting 

X = X cos — y sin in the general equation, 
and y = a? sin + y cos Q ; 

M^A cos^e - J5 sin cos + C sin^ 0, 

N^A sin^0+ J5sin0cos0+C.cos20; 

.-. M^N^A^C, 

M - N^ (A - C). cos 20 -B. sin 20. 

^B 



But since tan 9.0 = 



J^Tc' 



A — C — B 

cos 20 = —7 = , and sin 20 = 



.: 2M=A + C + \/(A - Cy + B', 

2N=A + C-'\/(J-CY + B'; 
.-. 4>MN= {J+O^'-iA- Cf - B' 
= 4^C - B". 

Whence, if 4tAC > B?, M and N have the same sign, 

if ^AC<m, different signs, 

= 5*, either M or N must = 0. 



CQUATIOKS TO CUBVES. 
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CISSOID. 



106. 
circle. 



AQB is a semi- 



Take AN and BM equal. 

Draw the ordinates iVQ, 
MR. 

Join AR cutting NQ in 
P. The locus of P is the cissoid. 






K 



ML 



B 




Now 



AN^ ^ AW ^ AM' AM^ 
NP" MR' AM. MB' MB ' 






or -5 3s 



.-. y« = 



.tr 



a?» 



2a —0? 



Cob. The Polar Equation. 

AP^T, /iPAN=0, 

J? = r cos 0, y =* r sin d. 



a; 



T cosd 



j^ sin« Q _ 

^ cos*0 2a -a? "" 2o - rcosd' 

2a sin* = r cos ^ (sin* Q + cos' &) ; 

sin Q . 



.•. r = 2a 



cosd 



.sind 



= 2«a tan . sin 0. 
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EaUATIONS TO CUAVES. 



THE CONCHOID OF NICOMEDES. 



106. The line CP revolves 
round a fixed point C, cutting the 
line ARN: RP is always of the 
same length ;' then the point P will 
trace out the conchoid. 

Let RP= AB = a, AN = ^, 
CA = fe, NP = y. 




MP' AR' RN' RP'^-NP' 



CM' CA' NP'' 



NP 



2 



3^ 



a'-f 



.-. y* + 25y* + (6* + a?^ - a^) y* - 2a*by - a*6* = 0. 
Cor. Let CP = r, lPCM^O, 

rt^CP=PR^CR^a + 



cos 



107. AQB is a semi-circle, 
and NP is taken a fourth pro- 
portional to AN, AS, and NQ. 

The locus of P is the 
" witch.*" 

AN-Wy AB = 9,a, 

NP:=y; .\NQ^y/2ax^, 

and ^ : 2a :: y/^ax — a^ : y; x 




2a\/2aa?- a?* . /2a -^ 
.-. y = = 2a \/ . 

0? ^ 



EQUATIONS TO CURVES. 
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108. The Logarithmic Curve. 

In this curve, the abscissa is the 
logarithm of the ordinate, or if (a) be 
the base of the system, the equation ^ 
to the curve is y = a' ; 

.-. -45 = o° = 1, ^ 

or the ordinate through the origin is always unity. 

It is obvious that as the abscissa increases arithmetically, 
the ordinate increases geometrically. 

109. The Quadratrix of Dinostratus. 

While the ordinate RN of the quadrant 
AQ,B moves uniformly from A to BC^ the 
radius revolves from CA to CB^ cutting RN 
in P: the locus of P is the curve required. //^ 

NP^yy AQCA^e^ 

Then : - :: j? : 1; .'. = — , 
2 2 




PN 
CN 



= tan 9 ; 



y ttod 

or = tan — ; 

1 - .V 2 



,-. y = (1—4?) . tan — . 



Cob. When ^ = 1, y =z Cb^ — . 

TT 



110. If jRJV^ move as before, and a line as 
QPJIf parallel to AC move uniformly from AC, 
the intersection P of RN and QM will trace 
the Quadratrix of Tschirnhausen. 
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EaUATIONS TO CURVES. 



Here ^Q=— , and NP= sin AQ; 

.'. ^ = sin — IS the equation. 

111. The Cycloid is the curve described by a point in the 
circumference of a circle, which is made to roll along a horizon- 
tal line. 




Let BQD be the circle, the centre; and when its di- 
ameter is perpendicular to the horizontal line at A, let the 
point P, which generates the curve, also be at A, 

Then Ab must = Pby since each point o{ Pb has been 
in contact with each successive point of Ab, 

Let AN=Wy BD:=2a, 

NP=^y, ^QOB = e; 

.-. a? = Ab - Nb = ad - a sin s= a (0 - sin 0) ; 
.*. y = bm = a ver. sin = a (l — cos 9) ; 

cannot be eliminated between these equations. 

Cor. 1. To find the differential equations. 

dy , ^ dw 

— =± a sm 0, ^ = « (1 - cos 0) ; 



sind 



dy 

dy _d0 

do? dw 1 — cos 



a sind 



sin e= \/l -cos«0 = V^(l -cosd) x (l +cosd) = V ^ x ^ ; 

a a 
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.*. a sin s v^gay — y*; 



dx y 

Cor. 2. To find the equation from 2>. 
DM = 0?, ; .". a?i = 2o — y, 
MP=yi, yi^JB-w; 

dx^ dy _ j^/ ^ay-^ _ /j^ /^^^y 
ay, rfa? • y y 



-v^ 



2a — a?| 



Cob. S. The equation from 2) may be also found from 
the properties of the curve. 

Join Ph and QJ3, then these being equal and parallel, 

PQ^Bh^AB^ Ah:=^AB^Ph^ DQ. 
For AB is equal to the semi-circumference DQB, 

Let DOQ = (p^ 

Then y = PM = JfQ + ^Q = a sin + a0 = a (0 + sin 0), 
X = DM = a ver. sin = a (l — cos 0), 

and eliminating (0) by differentiation we have the equation 
previously obtained. 



THE TROCHOID. 



112. The trochoid is the curve traced out by a point B in 
the circumference of the circle BRb^ which is carried through 
space by the rolling of the outer circle AQ upon the horizontal 

line. 



12 
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EaUATIONS TO CURVES. 



P a point in the trochoid: Through P draw a horizontal 




line MRPm, Take O and o the centres of the circles. 
Draw ORQ and oP. 

Then Pm = RM, and z AOQ = z ^loP. 

Let OA = a, AN^ 
OB^b, NP 

Then it is obvious that arc AQ ^ AA^; 






z AOR = 0. 



.-.. .r = AAi - NAi = a0-b sin 6y 
y = JVP = OAx -ir om=^a -b co%Q, 

^ b 
Let - = c ; 
a 

.*. Of = a (0 — e sin 0), 

jf = a (l — e cos 0). 

If c= 1, that is 6 = a, the trochoid becomes the common 
cycloid and their equations coincide. 



113. 



SPIRALS. 



(1) The spiral of Archimedes. In this spiral the radius 
vector varies directly as the angle described, 

or roc 6; r, r ^ a9 is the equation. 
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Its equation may be found from the following mechanical con- 
struction : 



Let the line SA revolve uniformly 
round S, while a point P moves uni- 
formly from S along SAy then P will 
trace the spiral of Archimedes. 

Let z ASP = 0, 
SP=r; 

and let a = value of r when = 2^; 

.'. r : a :: : 27r; 




• • 



r = — = m0 by putting w = — 



(2) The logarithmic spiral. Here the angle described is 
the logarithm of the radius vector, its equation is r « a^. 

This curve is also called the equiangular spiral, since the 
angle at which it cuts the radius is constant. 

(3) The hyperbolic spiral. In this spiral as the angle 
increases the radius vector decreases, and its equation is 

a 
r = -, or 0r ^ a. 
u 

(4) The lituus so called from its form. 

Here r ex: — -;^ , or = ~r . 
V0 ^ 

(5) The spiral of Archimedes, the hyperbolic, and the 
lituus, are included under the general equation 

r = «&", 

1 
as we shall see by putting n = 1, - 1, or - . 
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EQUATIONS TO CUBVES. 



(6) The involute of the circle is described by the extre- 
mity of a string which is unwound from the circumference of 
a circle. 




A the point from which the string began to be unwrapped, 
QP the string once coincident with the arc AQy and therefore 
« AQ; PY a tangent to the curve AP or to the involute, SY 
perpendicular to the tangent, join SP. 



SP^r 
SY 






SQ^a; 



.'. p* = r* — a*, is the equation. 



Coa. If A = sec-' - = PSQ, and d = ^ ASP, 

a 



d + = 



y/r* - a' 



.-. = 



's/i* - rf 



a 



a 



— sec-'—. 
a 



CHAPTER IX. 



TANGENTS TO CURVES. 



114. Def. a tangent is a line which has a point in 
common with a curve, and which, of all the straight lines that 
can be drawn through the point, approaches nearest to the 



curve. 



PPi the curve. 

(iPT the tangent of which the equation is required. 




N T^ 



A the origin of co-ordinates. 

Ay and Ax the axes of y and x respectively. 



AN^x 
NP 



= x\ . , 

>, and y =/(a?) the equation to the curve, 



and yi- Ax^^-B the equation to the line ; 
.'. y = Ax + 5, because it passes through P\ 

''' (y\ - y) = A , (xi — x) is the equation to the line 

by eliminating B. 
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Let NN, = h; .-. N,P,^f{x^h)^y-\'^h^Ph\ 

dx 



and NiQ- Aips-^h^ + B^^y +Ah'y 



And QPi the distance between the curve and the line, will be 
the least when the term involving h vanishes ; 

dy 
that is, when -4 = -—. 

dx 

For if A be the distance between the curve and any other 

line where -4 - -^ does not = 0, 

dw 

A = ± mA - Ph\ where m = ± f J - —^ j ; 

A ^mh-PK' ^m-Ph m , 

.-. — -— = -—^ — = ^, = — as 00 , when A = O, 

QP, - PA^ _-Ph 

or A is infinitely greater than QPi; 

dy 
therefore when PT is a tangent A = —-; 

dx 

dy 
and .•. (^1 - y) = 3— (xi — x) is the equation to the tangent. 

dx 

Cor. 1. From P draw PG perpendicular to the tangent 
and meeting the axis of x in G, it is called the normal, and 

since i{ y ^ ax + b be the equation to a line, y = — x+ b^ is 

the equation to a line perpendicular to it ; 

dx 
.'. Vi = — '-T-«^i + ^1 is the equation to the normal, 
dy 

dx 
and .*. (yi — y) = - — - (ajj — x) since it passes through P. 

dy 
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Cob. 2. To construct the equation to the tangent^ 

dy 
let a?i as ; .> tf, = AD = y - a?-— , 

ax 

dx 
y, =0; .-. - J7, « Jr = y- x. 

Find therefore from the given equation y «/(^) the value of 

dy 

-r- in terms of w or y^ one or both ; substitute this value, and 

ax 

we shall find AD and AT. Join T2>; this line produced is 
the tangent. 

dy 
CoR. S. Hence since (y^ - y) = 3- (^i - ^) 

is the equation to the tangent, and 

dw 

yj -y= - -— (j?, - ,r) 

ay 

is the equation to the normal ; 

dy _ doc 

.-. -p^ = tan PTJNT, and - -7- = tan PGo!, 
diV dy 

da 
or -— « tan PGN. 

dy 

CoK. 4. JVT and iVG are respectively called the sub- 
tangent and sub-normal, and are useful in drawing the tangent 
and normal, 

and NT^AN^AT^w^y^^x^y^, 

dy dy 

and from similar triangles NTP^ PGN^ 

NT dx ^ dx ' 

dy 



.4- 
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Hence to draw a tangent or normal, find the values of NT 
or JVG. Join P, T, or P, G, and we have the tangent or 
normal required. 

CoE. 5. The length PT of the tangent 



= y/PIP + NT^ = Vy« + y'^^ = y V 1 



+ 



the length PG of the normal 

= ^/PA^« + J^^G^ = ^/s^ + ^^=y^/l+^. 

Cor. 6. The tangent of the angle which the tangent 

makes with the axis of a? is --- ; whence the an&:le at which 

dx ^ 

the curve cuts the axis may be found. 

For the angle which the tangent makes with the axis at 
the point of section will be the same that the curve makes. 

Find therefore the co-ordinates of the point of section, 

dy 
and substitute them in the expression for -— , and the resulting 

dw 

value will be the tangent of the angle required. 



Ex. (1) Let y ^ be the equation to the curve. 



Here if <r = 0, y =« ; 
and therefore the origin is the point of section, 

and — ~ = — = - , when w -0\ 

dx {I + ixif l' 

••. tan e = 1 = tan 45^ .-. Q = 45®. 
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Ex. (2) Let the curve be the cycloid. > 



Here -- = 7= — = V 1 > 

dx ^y y 

which is infinite if y = ; or at the origin the curve cuts the 
axis of ^ at an angle of 90^. 

115. Find the length of the perpendicular from the 
origin upon the tangent, and the angle which the line from the 
origin to the point of contact makes with the tangent. 

Draw AY perpendicular to PT. 




Then from similar triangles AYT, NPT, 



dy 



,,^ ATy.NP ^ dw . y ^ ^ doj 

ilF = — = — = {y- J?)* J = J 



dy' 



da^ 



y-px dy 

V 1 + P* dm 



And lAPT^ z rPJV~^PJNr= tan-^ — -tan-^-; 

dy y 



.% tan APT = 



dx x 

dy y y -p^ 



as dx J? + 'py 
y dy 



Ex. Let the curve be the circle, and the origin in the 
centre, 



M 
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y'^a'-x^ 




dy X dy^ 
dx" y' dai^ 




y y 




j^y + tt? = - a? + 0? = ; 




< 




... AY^y^^a, 
a 





f 



a' 



and tan APT = ii = co ; .'. z APT = 90". 



116. To draw a tangent through a given point. 

Let a and )3 be the co-ordinates of the given point ; 

X and y be the co-ordinates of the curve. 

dy 
and {y\—y) - t— C^i-^) is the general equation to the tangent. 

dx 

But because it passes through a point where yi = /3 and Xi = a, 

dy 
- P - y = ^ (a - a) ; 

from which, and the given equation to the curve, the point to 
which the tangent is to be drawn may be found. 

In the circle the equation to the tangent will be 

X 

y 

or yfi — y^ = xa -\- a^ = — ^a + ^ — y^; 
... yfi s= r^ - ax^ 

or ^ y/r^ - x^ = r* - ax, 

&V - fi^x^ = r* - 2 r^aa7 + a'x', 



TANGENTS TO CURVES. 141, 



whence x = ^ ^-r — ^ — — ^- 



The double sign shews that two tangents can be drawn from 
the same point. 

Cos. If ^ ss r, or let the point be in the circumference ; 

.-. ^ = --5- = «> and y/3 = y*; .-. y = /3> 

or the tangent touches the circle at the given point. 
117* Draw a tangent parallel to a given line. 

Let A =s tangent of the angle which the given line makes 
with the axis of (x) ; 

dy 
.*. -— = ^, since tangent and line are parallel ; 
ux 

and yi — y = -4 . (a?i - J?) is the equation required. 

If it pass through a given point, the co-ordinates of the 
point may be put for x^ and y^y and then from the given 
equation to the curve, and from that of the tangent, the point 
to which the tangent is to be drawn may be found. 

118. Asymptotes are tangents to the curve at a point 
infinitely distant from the origin. 

These may be drawn, if the values of AD or AT^ or of 
both remain finite, when either x or y^ or x and y^ are in- 
finite. 

Asymptotes may be thus constructed: 

(1) If AD and ^T be finite, join T, D, and the line 
produced is the asymptote. 
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(2) li AD be infinite, and AT finite, the asymptote is 
perpendicular to the axis of <r, passing through T, 

(3) If AD be infinite, and AT^Cy^ the asymptote co- 
incides with the axis of y. 

(4) If AD be finite, and AT infinite, the asymptote is 
parallel to the axis of w ; and if AD = is coincident with it. 

Example. Draw an asymptote to the hyperbola. 

Here y = - vSaa? + ttr, and 3— = .. , 

a da? o^y/^aw + w^ 

^^ dy 6 r y a + d? 1 fe.r 

AD-y -^3— = --.<v2aa?-f ar > «= . = ^ 

0^ « I \/2ad?+<J7^j \/2aa? + a?^ 



= 6 if 07 ~ 00 ; 



\A7^ 



w 



._ del? 2aw + a^ ax a 

AT = y a? = a? = = -^— - = a, 

OV a-fo? o + a? a 

1 + 

when 0? = 00 ; 

.*. -4 T=: ^major-axis, or T and C coincide. 
Join CD9 it produced, is the asymptote. 

119. This method is frequently difficult of application, 
and the following is more generally useful. 

If possible, let the equation to. the curve be put under the 
form 

J J, C D E ^ 

y = ^ + -Ba? + — + -- + — + &c. 

X x^ or 

then it is obvious, that as x increases, the terms after Bx 
decrease; and when x becomes infinitely great, they vanish, 
and the equation to the infinite branch of the curve is 

y = Ax + jB. 
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But this is the equation to a straight line cutting the axis 
of ^ at a point y ^ By and a? == 0, and making an angle 
= tan~^^, with the axis of ^. Hence it appears that the 
infinite branch of the curve is coincident with the line de- 
termined by the equation y^ Aw + B; 

C D 

.-. if y = Aw + 5 + — + — + &c, be the equation to a curve, 

y^ Ax -^ B is the equation to the asymptote. 
Cob. If the form of the expanded /(a?) be 

D E 

y = AaF + Bw + C + — + :t + &c. 

X or 

the asymptote is a parabolic curve, of which the equation is 

y = Aa^ + Bx + C. 



EXAMPLES. 



(l) Find the equation to the tangent in the ellipse, 




The centre being the origin. 

a 



ft« + .. - ^ ' 



dy 
dx 



¥ X 

___ \ 

a- y 
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a 

b a* — wwi 

Letyi = 0; .-. a?i = Cr= - ^ ^; 

.-. Cr X CJNr= C-4% (See Conic Sections.) 

and NT ^CT - CN = = sub-tangent, 

or JNTT X CJNr= (a + ^) (a - a?) = -^iJV x -^JVT. 

Cott. 1. Make a?i = a ; .% yi = -4D = > .. . > 

^/ a ^ or 

b.(a'\- w) 
.-. ^D . ^,2), = 6* = CB", 

Cor. 2. The equation to the tangent may be written 

a^yyi + b^xxy^ = a^6*. 

In the hyperbola, the equation is 

(2) Find the sub-tangent and sub-normal, &c. in the 
cissoid. 
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Here jf^ = 



a? 



2a — Of 



''' ^'d^*^ (2a - xy " i"*(2a-a?)* ' 



.-. sub-normal = y 



dy <r*(3o — a?) 
dx (2a -a?)* 



dividing y-r- l>y y*> 

1 dy 2a — x a^{Sa — ai) (3a -a?) 
yd^ S^ (2a -J?)* "" a?.(2a - a?) ' 



.'. sub-tangent ss 



d? (2 a - a?) 
3a — 0? 



Also 



dy <i^.(3a-a?) 
do? "" y.(2a-a?)* 



The equation to the tangent is 
a^ Sa-w 



a?'(3a-a?) 




(2a -0?)^ 



-0?); 



-1*2 r 



(Sa — a?) (^Pj — a?) 



2a - a? 



+ ^[ 



^ 



'•• y\ = 



(2a-a?y 



(2 a - J?)* 



. {(3a - a^).tri - aoo\ ; 



. {(3a - a?)<ri - ao?}, 



making y^ and x^ successively == 0. 



a ^ /a? \^ 

^r^ — ^ — , and ^D= yi = ««h; • 

3a -0? K^a-ail 



K 



146 



TANGENTS. 



If J7 = 2a, -^ and Pi are infiDite; there is therefore an 
doe 

asymptote through B perpendicular to the axis of ^. 

(3) Rectangular hyperbola referred to the asymptotes. 

Here v^ = -■ ; •'• y = ^- > 






a' 1 

2 "^^ 



a? 







a 



8 



^1 = 0, yi = ^D = — , 



tV 



a' 



y 



The aDAT^ 



AT. AD 



a' 



2wy 



= a^, which is constant. 



(4) Lid \/y =:\/a- y/a^; find the equation to the 
tangent 

dy ^ Vff 

rf^ \/a? 

••• »i - y = 7= (^1 - ''^)- 

Vcf. 

w V y / — 

Let ^1 = 0; .-. AD = y + — y=r = y + v ti^y, 

^^ yv^ y — 

yi = 0; .'. AT ^ X -^^ — ^=- = a? + va?y; 

vy 

# 

.-. AD + AT ^w + 2 \/^+ y = (\/a? + y/yY = a. 
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(5) Draw a tangent to the cycloid 

JNTP-y, 

AB ^ 2a. 

dy ^2aw — z»* 



Then 



dw at 



dw y-^ 

dy >/2ax — ar 

mr«, NP.AN 

or NT^ ; 

NQ ' 

i.e. NT : NP :: AN : NQ; 

and z N is common to As ANQy TNP; .-. they are similar, 

and z PTN = z QJJVT; 

.'. taa TP is parallel to the chord AQ. 

Also since z JQB is always = 90, PG is parallel to BQ. 

(6) Draw a tangent to the conchoid 



.-. a^-^-^i^x/yTp 



aV + y^ 



fy/V^' 



dx aV + y' 



K2 
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(7) Draw an asymptote to the hyperbola 

b J 6 / 2a\i 

^ = dk "-\/2aaf + ar = =k-a? ( 1 + — I 
a a \ Of J 

b r 1 a* jB „ , 

ss: dk '. {^ + a .— + -r + &c.}, 

a ^ 2 cT 0?* ^ 

and therefore y = ^ — (tr + a) is the equation to two asymptotes; 

a 

and since if zp = 0, ^ = ^k 6 ; 

and if y = 0, x — — a, 

both will pass through the centre, and they will be equally 
inclined to the axis of a, 

(8) Draw the asymptote to the curve 

«•-«■-•'-(-;) = 

a A B ^ 

= 07+- + — +-5 + &C. ; 
3 X or 

.'. y = a? + - is the equation to the asymptote which cuts the 
axis of 07 at an z = 45®, and at a point a? = — . 

(9) Let y . {ax + fe') = o?^, draw an asymptote, 

y s — s by putting — = c 

ax-k-b^ a x-\-c '^ '^ ^ a 
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= -.__ = -j^{l -_+_-- + &c.} 

a c a ^ X X ar ' 

1+- 

X 

a? ex f? (f 

= + + &c; 

dad CLX 

.'. ay = a^ — ex -^ c^ is the equation to the asymptotic curve. 
This being put under the form 



or 



(a,-^y=a(y-|^). 



shews that the curve is a parabola, the axis of which is 
perpendicular to the axis of x, and the position of the vertex 
determined by making 

Xt^- and Vi ^ ^"9 the hitus rectum s a, 

(10) Let the equation be aj^ - bx* + (?xy = 0. 

Let y = xx; 

.-. a J7*«* — ha^ + c^ar = ; 

• •»» j2 ^______^.^ 

6 — aar* ' 

and a? will be infinite when h — a«* = 0, 



-^. 



or X 

a 



and then y ^xz ^ x 
is the equation to the asymptote. 
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(11) Find when the curve, which is the locus of the 
general equation of the second order, has an asymptote. 

A^ + Bxy + Ccf + Dy + Ew + F = 
is the general equation, 

or y* -f 2 (aof + fe) y h- ccf + ex +/= 0, 
dividing by Aj and making the proper substitutions; 
.-. y* + 2 (oa? + fc)y+ (oa? + fc)* = (a*-c)^*+(2afe-e)a7-f-6^-/, 

. and y = - {ax + fe) ± \/(a^ - c) «r^ + (2afe - c) ^ + (6^ -/) ; 

r 6 /-T— f 1 2a6-c -4 jBI 

/-7 — / ,2o6-e -^ « x^ 
= - jo^ + 6± va*-c (^ +*— 1 + — + &c.)}; 

and therefore the equation to the asymptote, which is of the 
form y = mx + w, is 

/ 2a6 — e \ 

y--{aWa''0)x-\b^^^^y=^. 

B" C 

which is possible when or > c, or —-^ > — , 

or B^^4>AC>0, 
which is the case in the hyperbola. 

CoR. If a^ = c, the equation is of the form 

y = - (ax + b) ± V ma?. \/ 1 + — ... 

X 

which cannot be reduced to the form y sz Ax + B, 
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120. Find the locus of the intersections of perpendiculars 
drawn from the origin upon the tangent, with the tangent. 

Let y ^f{ai) be the equation to the curve ; 

dy 
.*. {yi - y) = 3^ (^1 - (c) is the equation to the tangent, 

dx 

aod y\= "-j-Xi is the equation to the perpendicular from the 
dy 

origin upon the tangent. 

Between these three equations eliminate y^ Xj and -~ , and 

dx 

the resulting equation will contain y^ Xi and constant quan- 
tities, which will be the equation to the curve required. 

Ex. Let the curve be the hyperbola, and the origin the 
centre ; 

y* a^ dy b^ X 



• 9 



V a* dx o* y 

and .'. yi = — rr % - «i from equation to perpendicular ; 

Ir X 



a*a?i* - 6*^1* ' 



a^Xi 

.'. X 



, ft* »i -6'y, 
and y =5 . — ^ = . ■ . 

a ^1 y/(]fx^ -Vy^ 

xxi yyi 
But — ^ — = 1 is equation to tangent ; 






152 



TANGENTS. 



Cob. If a = 6, or the hyperbola be the equilateral, 
{x^ + y*)* = o* {pOi - yi)' The equation to the lemniscata* 

Prob. P any point in a curve, PG a normal; let Pp 
make with PG the angle pPG = /, APG. 




A XT 

Find the equation to Pp, 
NP 



Wi and yi the coordinates of Pp ; 



— =p .'. itfi — y) = A . (iPi—a) is its equation, 

where A = tan Ppat. 

But Ppa^ = APp + PAG = 2 APG + PAG, 

and 2ilPG = g (x - PAG - JG/*) ; 

. . 2APG + P^G = 2^ - PAG - 2-4GP ; 

or Ppaf = 2w-taxi'^- - 2tan-^- = (27r-3/); 

tV p 

.-. -4 = tan (2w - Jlf) a - tan M 







2 


y_ 


+ - 


1 




1 


"? 






2 


1 - 


y 

• 


P 



OB jp^ — 1 
1-? ^^ 



W p^ — I 



X 



p 
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This is an optical problem, given the focus Ai and the 
equation to ray APy to find the equation to the reflected ray ; 
p is the intersection of the reflected ray with the axis. 



CHAPTER X. 



THE DIFFEBENTIALS OF THE AREAS AND LENGTHS 

OF CUBVES: OF THE SURFACES AND VOLUMES 

OF SOLIDS OF revolution: SPIRALS. 

121. One of the applications of the Integral Calculus 
is to find the areas of curves included between given ordinates, 
the lengths of their arcs, and the surfaces and contents of 
solids. 

The solids of which we shall treat are called solids of 
revolution, since they may be supposed to be generated by 
the revolution of a plane figure round a line, thus termed an 
axis. Hence it follows that every section perpendicular to the 
axis will be a circle, the radius of which is the revolving or- 
dinate, and every section made by a plane passing through 
the axis will reproduce the original area. 

Considering the areas and lengths of curves, and the 
contents and surfaces of solids, to be functions of one of the 
quantities x or y^ we can, by the Differential Calculus, find 
equations between the differential coefficients of these functions, 
and expressions containing w or y^ by which we shall hereafter 
obtain the values of the functions themselves. 

We shall find it useful first to establish the truth of the 
following Proposition. 

122. If -4 H- Bw^, Ai + jBiO?, and A + fe.r, be three alge- 
braical expressions taken in order of magnitude, viz. 

A^ H- Bi,v < A -^ B<Vj but > A + b^Cy 

then shall Ai=^ A. 
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For if A do not equal A^ 

since A + Bx > Ai-^- BiX^ 

and Ai + B^x > A + 6^ ; 

.-. A - -4i + (jB - 5i) 47 is > 0, 
and Ai" A ^ (Bi - 6) j? is > 0, 

whatever w be ; but if we make a? = 0, we have 

A - ^1 > 0, 
and Ai - A > ; 

or both (-4 - ^,) and - (A - Ai) are at the same time > : 
an absurdity, imless Ai = A. 

123. Let AP be a curve, and 
y=/(^), the equation to it, where 
AN^Wj NP^y^ and let A = area 
ANP. 

Then — = y. 

Let JVJVi = *|. Complete the paral- j^^ 
Idograms QN^ and PJNTj. 



Q 




5 




m 


/^ 







AT 



Then the area P^PNN^ is > EZHPiNTj, < c=J QNi...(l). 
Now ^ depends upon a, for as a? changes, A changes ; 
.-. A = ANP = (a?) ; and .-. AN,P, = (a? + A) ; 

/. P/>W,JNr=0(a7 + A)-0(^)=4^A + ^ — + &C. 

a<r aar 1.2 

by Taylor's Theorem; 

and CDPN^^yh, 

C3QN,^hxP,N,^h.f(a; + h)^h{y-^ph-hPhn, p^% 

aw 

therefore, dividing by (A), we have by (l), 
dA d^A h 



dw da? 1.2 



+ &c.>y<y +;iA + Ph^\ 
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i.e. y-^ph-^Ph^f 



dA d^A h 



+ 



dx do? 1.2 



+ &c. and y 



are in order of magnitude ; whence, by the Lemma, 

dA 



dx 



= y- 



124. If « = length of the 
curve AP't 

aw »^ 

Draw the tangent PM^ and 
chord pp. 

Then "^ ^ 

arc PP > chord PP < PM + MP^. 




N 



But arcPjP'=^Pi-^P=0(^+A)-^(^)=;T-A + 



ds , d^8 h 



2o i;8 



da da^l.2 



+ &C. 



chord PP = VPm' + (Pmf = y/h' + (ph + PA^)'* 

= A v^(l +!>') + 2PpA + P^AS 

P3f = y/pi^m^ = y/^TW^^ = A \/lTj?, 
JfP,= MN,'N,P,^(y+ph)-'(y-^ph+Ph'^ = 'Ph^l 

whence, dividing by (A), 

d^ dor 1.2 

> '\/n-««+ ^^-1— A+ &c. <\A+^-PA; 

• d« / r . / d^ 



Mm»Pm»ta,nMPfnmh,tmPTMmh.^, 



VOLUME OF A SOLID. 
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125. If F be the volume of a solid of revolution APp, 



dF 



«iry*. 




Let AN = w 
NP^y 



dV cPF* A' 



Then the solid Ppp^P^ is > cylinder PMrnip^ 

< cylinder RP^p^r; 

dV d^V A* 
1. e. -;— A + -rT — + &c. > Try* A, 
dof dor 1.2 

Kwiy + ph + PK'fh, 

dV d^V h 
or "^ + -r-z r— + &c. > wfT < tt (y + p A + PA*)*, 



dof da? 1.2 



or > Try* < Try* + Qirpyh + jcc. 



whence -r- = tti/*. 



Paop. The surface of a truncated cone, of which th^ 
iradii of the greater and smaller ends are a, 6, and the slant 
side «, = 7r« (a + b). , 

Let / = length of cone, radius of the base = a, 

^1= =6; 



158 



SURFACE OF A 



therefore, surface * of frustum 

= irla — Tr/jfc = ir {sa + /j (o — 6)}, 
but / or /j + ^ : /, :: a : 6 ; 

,'. 8 : l^ :: a "b : b; 
.-. sb = /j (a - 6) ; 
.•. surface of frustum = ir« • (o + b). 

126. I{ S ^ surface of the solid of revolution APp^ 

dS 



dw 



^^iry 



^^■ 




AN 
NP 
AP 



-y 

• 8 

NN, = h J 



Draw the tangent PM^ and chord PP. 



* The surface of a cone when unwrapped comcides with the sector of a circle, 
the centre of which is the vertex of the cone, and radius the slant side, and arc or 
base, the circumference of the base of the cone. 

But area of sector = ^ - \ circumference of the base of cone X slant side ; 

or if (f ) be the slant side, and (a) the radius of cone's base, 

convex surface of cone = i . 2nra8 - iras. 
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Then, surface generated by arc PP' will be 

> than that by the chord PP', 
< by PM and ilf P'. 

Now chords PP^ and PM generate truncated cones, of 
which the surfaces respectively are 

w {{PN^ P^N^\ (PF), and tt {(PN) + MN,} (PM) ; 

and MP' will generate a circular zone = ir (MN^^ - N^P^^) ; 
and the surface generated by arc PP^ 

"* dd^ da^ 1.2 
But {{PN) + P,N,} {PF) 

^{^y^ph-^Ph^). y/h* + {!ph + PA*)* 

- (2» +pA -H PV)hy/\^p^^Mh, 
Mh = terms involving h ; 

and (PN^MN,)PM 

also JlfiNTj* - iNr,P,* 

= (y + pA)*-(y+p&H-PA*)*=-PA*(2y + 2;iy + PA*) 

= - iNTA*, by substitution ; 

dS d^S h J 

•. — + ^-i — + &c. > w (2y ^ph + PA*) >/l +o*H- JlfA 
aa? a,ir 1.2 

< TT (2y + ph) \/T+p^ - JVA 

> 2 7ry\/l+/)^4-JltfA H- terms involving A, 

< 27ry\/T+j^ H- j5A\/l +p* - iNTA 

> r yMh 

> 2wyvi +|>* + y + &c. 

Vl +j5* 

< 27ry VT+^ + pA\/r+p* - iNTA; 
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dS / / dt? 

.-. — =27r»\/l+;i* = 27ry Vl + ^- 

127* The expressions that we have just obtained, and 
those of the preceding Chapter, are only applicable to the cases 
where the equation to the curve is known in terms of the rect- 
angular co-ordinates; we shall now find corresponding ex- 
pressions for the perpendicular upon the tangent, the area and 
length of a curve, &c. when referred to polar co-ordinates; 
that is, when r =/(0, or p zsif(r)^ p being the perpendicular 
on the tangent, r the radius vector, and the angle traced 
out by r. 

First, to find the expression for the perpendicular on 
the tangent in polar curves. 

NP = y, *yr = p, and ^ASP = 9. 

dy 

y -w 

Now, Art. 116, SY^p = 



^ dw 



But x = SP cos PSN = - r cos d =f(d), 
y = SP sin PSN = + r sin = (0), 

dm \de) \dw) da 

dd 




p = 



dm dy 
^ dff" dff" 



dw . ^ /\ ^^ 

But — -r = -h r sm - cos . -— , 
dd dff 

and -~ = r cos + sm . -7: ; 
du du 
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du du 



•. p = 






whence (p) may be found in terms of r and d; but the 
formula may be put under a more convenient form for practice. 

Thus, 

_ 1 ] (ft« dr 

w r ad rMd 

1 _ , dtt« 

Example. Find the value of (p) in the Conic Sections. 

T =r , where m = i latus rectum ; 

1 + 6 cos * 

1 e 

.\ W as 1 . COS df 

m m 

du « . ^ 

-TTj* .smfl; 

ad m 

•'• «*' + -—- = —-. {H-gecose + e*? 
d0* mr ^ 

= — , . (2»it^ - 1 +e*); •.• ccos0 = mw-l, 
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I \ 2m - r (1 - €^) \ 
~ w^ ' \ r J ' 



m'.r 



2w-r(l -g^) 

(1) In parabola, c = 1 ; .*. p^ = — , and m = 2*9-^^ ; 

(2) In ellipse, e<\\ w = -; l-e^=— ; 



a^ * ^ feV 



•. r? = — — = 



2 ■ . r 



' 52 

(3) In hyperbola, e^>l; e^-l = — ; 



.-. p« = 



a' 



2m + r(e^-l) 2a + r' 



and therefore in ellipse and hyperbola, SY^ 
Cor. 1. Since if « = are of a curve. 






<;v 



If s, .2?, y be functions of 6, 

<?a7 d9 dw^ dx dO doc^ 



ds /da^ d^ / 2 dr" 

'' de^ ^ l&'^d^^ "^ '' '^d^' 

which is the differential coefficient of s =/(0). 
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CoK. 2. Assuming the expression p = 



r* 






1 1 1 d»^ 



di» 
def 

d9 



* -,« 






p 



dr r^f»-j^'' 
whence given Oaf^r), we may find p = d> (r). 



„ _. ds dr 

Cor. 3. Since ^=-x-, 



\ 



\ 



"•^S" ^''^W'Te"^'*''-^' 






rf-4 r* 
Cor. 4. If A = area -iiSP, -rr = — • 



For JSP ^ ANP " SNP ^ ANP "^i 

2 




(2A d<r 



da? ^ ( dw dy\ , / do? dy\ 

-^■Te-^\^Te^''de]-^[yT9-''de) 



dx dy' 

""de. 



= 1 r^. (Art. 126.) 



L 2 
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128. To draw a tangent to a spiral. 

P the point to which the tangent is to be 
drawn. y 

S the pole. Join SP* Suppose PT to t. 
be the tangent. Draw SY perpendicular to 
PT, and ST perpendicular to PS. 

ST is called the sub-tangent. 
;■■ -y.yit ^r.^ST^SP.% Zr_=also + r^.^. 

Find therefore from the equation to the spiral , or 

de 

r^. — 5 according as the equation is 6 =/(r), or jp =/(^)- 
dr 

Draw ST perpendicular to SP and equal to either of 
these values. 

Join TPy it is the tangent. 

de de 

CoR. Since ^r=±r^ — =tt-' 

dr du 

du\ 



1 _ /duy 

''' ^' " [de) ' 



2 i^^V 1 ^ 



( 



SV \dei SP" ST' 

129. Asymptotes to Spirals. 

If ST remain finite when SP is infinite, a tangent may be 
drawn which will touch the curve at a point infinitely distant 
from S, and is therefore an asymptote. And since those lines 
are said to be parallel which coincide only at an infinite dist- 
ance ; the asymptote must be drawn parallel to the infinite 
line SP. 
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dd 
Hence to construct, we must find 9 and r* -;- when r is 

dr 

infinite. Draw SP at the angle found by making r = oo , ST 

perpendicular to SPj and from T draw TP parallel to the 

infinite radius vector, TP produced is the asymptote. 



EXAxMPLES. 



a" 



(l) Find the equation between p and r, when = — 



o' 



0= — = 0"^"; 




» ... 



O" 



du 



1 



1-1 



dff na*.u''~^ 






•Jin 



by substitution; 



_ 1 W" + r"" l 



•. /! = 



fc".r 



V^6*» + r^" * 



(2) Draw a tangent and asymptote to the spiral ; where 



a 
9 ^ - ss ati ; 
r 



du 1 



' ST d9 a' 
or the locus of T' is a circle radius = a. 

Since ST is constant, and 9 = 
when r = 00 . 

Produce SA indefinitely. Draw 
'ST perpendicular to it and = 'a. 
Then a line from T parallel to SP 
will be the asymptote required. 



.-. ST^a; 
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(3) If r* = a^ cos 20 which is the polar equation to the 
Lemniscata ; find equation between p and r. 

Here u^- 



'. cos 26 = 



d0 



a^ cos 20' 
1 



u^a^^ 



du u^a^ sin 20' 



and sin20= V 1 --r-l = V — rT^'^ 



d0 



du u y/a*u* - 1 ' 



1 

• f 


=«* 


+ 


D'- 


u' 


+ 


a* 


«• 


J> 




«* 


\d9f 
a* 










• p 


"? 


• 













(4) Let r = a^, the equation to the logarithmic spiral ; 
.'. h. 1. r = h. 1. a = A6 ; suppose 
dr 

•'• dO^'^'''' 

d0 p ] 

.-. — or = -r- ; 

or Ty/i^^p^ Ar 

p \ SY 1 

= - or — - = tan SPY ^ --; 



' s/VZr^ A PY A 

that is, Z iSPF is constant, and on this account the curve is 
called the equiangular spiral. 
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Cor. 1. Since ^^A\ .-. — = 1+-^'; 

.-. ? = sin5'Pr = 



\/lT^' 



.-. p = 



\/m 



r= mr, by substitution. 



CoE. 2. The radii including equal angles are propor- 
tional. 

Let SP and SPx including an l a, 

and SQ, and SQ\ include the same angle. 

Let z ASP^e, 

and ASQ=:^(p; 

= o**, and -:r:r = «" ; 



5P 



50 

^yp SQ 




SPi SQi' 
or 5'P : SPi :: ^Q : SQ^. 

Cor. 3. Given the ratio of SP and aSPi , which include 
an angle (o), find (a). 

Let ^SP : SPi :: 1 : 1 + c. 

But ^P = a^ and 5'Pi = a^+« ; 

SP, 



SP 



= 1 4- c = a« ; 



'. h. 1. (1 + c) = a h. 1. «=a^ =— ^, if j3 = constant Z 5'Pr, 

tan p 

or a = tan /3 , h. 1. (l + c). 
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130. When two curves, as QPQi, RPP^^ cut each 
other in the manner represented in the figure, the values 
of y and a? are the same for both curves 
at the point of intersection; i. e, if y =f(^) 
be the equation to the curve RPP19 and 
y =^ <f> {ai) the equation to QPP\ , and 
AN = a, and NP = 6, the values a, and 
h put for OS and y will make the equations 
h s:f(a) and fc = (a) true equations, and 



/ 


/^^' 


p* 


<? 






- 







131. But if for 0?, a + A, be written, (or as we shall put 
it, w + Aj) the values of the ordinates of the two curves no 
longer become equal, and their difference, which is represented 
in the figure by Pi Qi , is equal to the difference between 
/(^ 4- A). and ^(/v + h)^ and will therefore be some function 
of A, and its value will depend upon the relations existing 
between the differential coefficients of /(a?) and (p (a?). 

For, let yi = iVjPi, y^ = Ni Qi, z =/(^)» and v = ip (w) ; 

•'• yi = y + T~ * + -r-i — + 1~^ :r^ + &Cj 

^ d<r da?M.2 da^ 2 . 3 

and y2 = J/4-:r"^ + T-^ + "7^ + &c. ; 

^ ^ dw doo^ \ .2 dar^ 2 . 3 



/d^t? d'%\ h^ 



(dv d%\ ^ fd^v d'%\ hr 



or putting AiAftA^^ &c. ^« for the coefficients of A, A^, A^ &c. 
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The distance (A) between the curves, or the difference 
between the ordinates, is represented by a series with ascending 
powers of A, so that 

A = ^1^ + A^}^ + J3A' + J4A* + &c. + A^V + &c. 

CoR. 1. First, let -<<i = 0; •• ";~ = 3~ 5 o'" ^^ fi'^st 

ax aw 

differential coefficients are equal. 

d'o d% 

But -— and -— represent the trigonometrical tangents 
doff dx 

of the angles which the tangents of the two curves at the 
point P make with the axis of x. 

Hence at such a point the ordinates are equal, and the 
tangents are coincident. 

This is called a contact of the^r«^ order. 

Cor. 2. Let not only Ai = 0, but ^g = 0, therefore we 
have 

/(^) = ^(^),__ _, and-^^ ^^, 

and A = A^h? + A^h^ + &c. 
This is called a contact of the second order. 

And in general the curves are said to have a contact of 
the n*^ order when the first power of A, in the expression for 
A is A"+* ; i. e. when all the differential coefficients as far as 
the (n + 1)*^ are respectively equal in both series. 

132. To find the degree of contact which a proposed 
curve of given species has with a given curve of known dimen- 
sions. 

Let y =fi^) be the equation to the given curve, and 
^1 = 0(^i) the equation to the proposed curve, which is sup- 
posed to contain (n) arbitrary constants. 
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Then, to determine these (n) constants, we must have the 
(n) equations 

^"^'^ dx" dx,' da» dco^' dx'-' dx,*-'' 

or the contact must be of the {n - 1*) order. 

Thus, let it be required to find the degree of contact 
which a straight line has with a given curve; we observe 
that the equation to the line is yi = ax^ + 6, and contains two 
arbitrary constants a, 6, or the contact is of the first order. 

dy dyi 
In this example -— = -- — = a ; and .-. y = yi, and x = Xi, 

dx dxi 

dy 
.-. y = ax + b^ or 6 = (y - ax) = y — -j- x ; 

dx 

therefore substituting for a, and b, 

dy dy 

dy 
or yi - y = 3— (*'i - ^)> which is the equation to the tan- 
dx 

gent, or the tangent has a contact of the first order, with 

the curve which it touches. 



133. In the circle of which the equation is 
R^ = (X, - ay + (y, - fiY 

there are three arbitrary constants, the radius (jR) and the 
co-ordinates of the centre a and /3. The circle therefore may 
have a contact of the second order, and the constants may 
be determined by means of the equations 

y = yi> 77- « 3— , and -— , = — ^ . 
dx dx^ dx^ dx^ 
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The circle so found is called the circle of curvaiurey and its 
radius the radius of curvature of any point in a given curve. 

For since the curvature in the same circle is uniform, 
while it varies inversely as the radius in different circles, and 
that curves are geometrically said to have the same curvature, 
when at a common point, they have the same tangent, and 
ultimately the same deflection from the tangent, which con- 
ditions are both fulfilled by the circle that has a contact 
of the second order ; this circle is assumed to be the proper 
measure of curvature, and curves are said to have the same 
or different curvature, according as the radii of these circles 
are the same or different, and the curvature in general 



radius of curvature 
The circle of curvature is also called the osculating circle. 

134. To find the radius of curvature, and co-ordinates 
of the centre of the osculating circle to any proposed curve. 

Let y-fise) be the equation to a given curve, 

JP = (a?i - ay + (y\ - fiy the equation to the circle ; 

.-. = (^, - a) + (y, - /3.)^' (1), 

But y = y,, a? = a?,, ;;^ = y- ^ and — - = -—-; 

ax a<2?i dor dw^ 

.'. changing Xi into <r, and y^ into y ; 

.-. ip^(w-ay^{y-fiy 

= (y-i3)^|l+^,}from (1).. 
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\da^) 
\d.T') 



5= ± 



(-g)' 



dar" 



This expression has two signs ; but if we call the radius 
positive, where the curve is concave to the axis, or when — ^ 
is negative ; and if, on the contrary, when the curve is con- 
vex, or when -— is positive, the radius be reckoned negative, 
we shall always have 



\ di 



dj^Nl 



i?= ^ -*'*^ 



dar' 
The co-ordinates o and /3 may be found from the equations 

^ da/' 

die' 

dy' 

and..-«=-(j,-^).-=+-^.^; 

dx" 
and the circle is thus completely determined. 
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In the annexed figure, let APhe 
the given curve, PO the radius of 
curvature, and O therefore the centre 
of the osculating circle. 



Jn = 


«» 








i 


nO = 


— 


)8; 








1 
1 


y 


-^ = 


1 


da/") 
d'y 
dx" 


5 


1 


s a 


— 07 = 


± 


dwV 
d^y ■ 


dy 
dnc 




dw" 

PM and OM are respectively called the semi-chords perpen- 
dicular and parallel to the axis of a. 

For if we describe the circle, of which the radius is OP 
and centre O, PM is half the chord of an arc, since OM is 
perpendicular to it, and OM is equal to half the chord drawn 
from P parallel to AN, 

135. The point O changes its position with the change 
in the place of P, and traces out a curve, which is termed 
the evolute of the original curve. Hence we may define the 
evolute to be the locus of the centre of the circle of curvature, 
and its co-ordinates are a and /3 ; 



1 + 



and from y - ^ = 



d^ 
da^ 



dai" 



.1? - o = - (j^ - /3) . 



dy 
dx 



1 + 



dfy 
dou^ 



doo^ dy 
dx 
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dy , d^y 
andy=/(a?); y,a?, -— and — - may be eliminated, 

dx dar 

and there will be an equation between a, /3 and constant quan- 
tities which is that of the evolute. 

136. Since ^-a + (y-/3).3^ = 0; 

dx 

•• y-p=-^.(^-a); 

but this is the equation to the normal of the original curve, 
drawn from a point of which the co-ordinates are <r, y, and 
passing through a point whose co-ordinates are a and )3. 
Hence the normal passes through the centre of the circle of 
curvature, and therefore the radius is coincident with the 
normal. 

137- The radius of curvature is a tangent to the evolute. 

Resuming the equation {x ^ a) + (y - /3) .— = 0. 

dx 

Differentiate it, considering y^ /3 and a as functions of x; 

dx aar dor dx dx 

dy" ^ ^^ cPy 



da 

dx 


dfi dy ^ 
dx dx 


dy 
dx 


da 

dx da 

1^' ~ d^\ 




dx 



.-. (*-a)-(y-/3).^ = 0; 

or (/3 - y) = — . (o - Of), 

aa 
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which is the equation to the tangent drawn to a point, of 
which the co-ordinates are /3 and a, and passing through 
a point co-ordinates y^x. 

dS 
But (/3 - y) = -^ (a - d?) is identical with 

da 

or the equation to the normal of the original curve. 

Hence the normal to the curve, i. e. the radius of curvature 
is the tangent to the evolute. 

138. To find the length of the evolute. 

Since IP^{.v^ ay + (y - fif ; 
differentiating, considering y, a, /3, Ry as functions of <r, 

But (a?-a) + (y-)3).:r^ = 0; 

^dR ^ ^ da , n^ d^ 
d(c dx "^ dx 

or - RdR = (a? - a) da + (y - /3) d^, 

dfj ^ da 

But.-«=-(y-/3)^= + (,-^)^; 



and R = Via>-a^) + (y - /S^ = (y - /3) V^+ 1, 



176 
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.•. dividing (l) by (2), 

-dR=^ y/dc? + d^ = da ; 

.*. i{ Js « s a constant. 

Hence if the curve be algebraical, R may be found in 
finite terms, and the length of the evolute known ; that is, the 
evolutes of algebraic curves are rectifiable. 

Cor. Let «i and a^ be the lengths of the arcs of the evo- 
lute from its commencement to the points where the radii are 
yi and ^8 9 

••• 7i =^ «i = c^ 



and Ya =*= *2 = ^> 
let «i — «2 = a ; 



= 0, 



.-. ± a = (72 - 71), 

or the difference in length between two radii of curvature 
equals the length of the arc of the evolute intercepted by them. 



From this property of the curve 
it has derived the name of evolute. 

For if we take a string of con- 
stant length, one end of which is 
fastened at B^ and the remainder is 
made to coincide with the curve 
COOiB^ then if the string be unwrap- 
ped or evolved from COOiB^ it will 
describe the curve APP^. 



• COB is called the evolute, and 




APPi involute. 
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From this construction it is obvious, 

(1) That the arc OOi is equal to P^Oi - PO. 

(2) That O is the centre of a circle of which the radius 
is OPf and is consequently the radius of curvature to the 
point P. 

(3) That PO is a tangent to the evolute. 

(4) That PO is a normal to the curve. 

139. Another geometrical method of finding the radius of 
curvature and the co-ordinates of the centre of the osculating 
circle is to assume that centre to be the limit of the intersec- 
tions of two consecutive normals. 

The truth of this assumption may be thus shewn : 

(y - p) = - — . (o? - a) is the. equation to the normal, 

or (ar-a) + (y-/3).-^ = a 

ax 

Now at the point of intersection, a and /3 remain the same 

for the two normals, while w^y and —- vary, since at a con- 

dx 

secutive point, x and y become x -\- dx and y + dy; therefore 
diiferentiating, considering a and /3 as constant, 

The same equation we have liefore obtained to find the co-ordi- 
nate j3 of the centre, and (a) is then known from 

M 
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140. Hence may we find the radius of curvature in 
spirals. 

AP the spiral, S the pole. 

PO a normal^ and O the point of ul- 
timate intersection of two consecutive nor- 
mals. 

r 

O is the centre of the circle of curva- a 
ture. 



„- >, SN I onPO = «,. 



sr 




Now S(y = SP' + P0^-2F0.PN, 

or ri' = f^ + IP -ZR.p for PN = Sr. 
Then since SO and OP remain constant, while 
SP and SY vary, and since p=f(r); 

• dr 

If OM be drawn perpendicular to PS, or P*y produced, 
PJ/ = ^ the chord of curvature through S^ 

and PM^POx^^r.^.^^p.^. 

SP dp r ^ dp 

141. £ volutes to spirals. 

The point O will trace out the evolute, and PO is always 
a tangent to it, and SN is perpendicular to PO, we must 
therefore find the relation between SO and SN. 

Now r/ = r« + i?'-2i?|? (l), 

and p^^PY^y/7^ (2), 



J 
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and p=/(r) (3), 

and Jc = r.-7- (4), 

d'p 

between these equations |7, r and R may be eliminated, and 
the resulting equation will involve r^, p^, and constant 
quantities, which will be the equation required. 

Ex. Let the spiral be the equiangular. 

Here |> = r sin /3 = mr ; 

rdr T 
.-. « = _-=-, 

and px = V r* - p* = r \/l - f»' ; 

Pi 



.'. JZ = 



m 



x/l-m^' 



mp, 



and p = wr = ivfR = 

But r^^T'^.R^--9.R'p\ 

••• ^1 r= - -o + 



' '^ 1 - m^ w^ (1 - m*) 1 - m« 
1 - TW^ \m'^ j m^ ' 

or the evolute is a spiral similar and equal to the original, and 
described round the same pole S. 

142. When two curves intersect, we have seen that the 
distance between them, measured along the ordinate is, (when 
(s becomes a + A) expressed by the equation 

A = A^h + A^h^ + A^h^A- A^h^ + Aj,h^ + &c. 

If therefore we put (- h) for A, we shall have an expression 

M 2 
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for the distance between them at a point where the abscissa is 
o - A : let A 1 be this distance ; 

.-. Ai = - A^h + A^K" - A^K" + ^4 A* - A^h? + &c. 

Now assuming that A may be taken so small that any one 
term shall exceed the sum of all that follow it. We observe 
Firsts that if ^^ = 0, A and A^ have the same sign, or that 
in a contact of the first order, the curves touch, but do not in- 
tersect. 

Thus the tangent does not cut the curve, unless A^ = 0, or 
at a point of contrary flexure. 

Secondly. Let both A^^O and A2 = 0, or the contact be 
of the second order. Then 

A = A^h? + A^h*^ -I- &c. 
Ai= - A^h^^A^h'-hc., 

which have different signs, and therefore if the osculating 
curve be below the given curve at a point where the abscissa 
is ^(7 + A, it will be above it at a point where ce becomes «r — A. 
Hence the circle of curvature both cuts and touches the curve. 

There is an exception to this rule, which is when the 
radius of curvature is a maximum or minimum; for then ^3 — 0, 
aDd the expressions for A and A^ have the same sign. 

If the contact be of the third order, 

A = A^hf' + A^K* + &c. 

Ai = A^h^ - ^jA* + &c. ; 

that is, A and A^ have the same sign, and therefore the oscu- 
lating curve does not cut the given curve. 

From this reasoning it is obvious that, when the contact is 
of an ieven order, the osculating curve both touches and cuts 
the given curve, but when the contact is of an odd order, it 
merely touches it. 
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143. When the radius of curvature is a maximum or 
mimmum, the contact is of the third order, or A^ = 0. 



Let 


P 


dy 


d*y 


and r 


d«* 


Then 


R 


-9 


m 







dR 
But if 72 be a maximum or minimum, — = ; 

d/v 



d'y Sp<f 
or r = 



da? 1 -I- p* * 
But from the circle, 

1 + ;i' + (y - i3) 7 = 0, 

and if there be a contact of the third order, we may differen- 
tiate this equation again, and put the co-ordinates of the 
curve for those of the circle; 

.-. ^pq + ;>9 -^ (y - i3) ^ = ; 

.-. Spq^^(y--fi).r, 

and 1 + p* = - (y - /3) . 9 ; 

Spq r 

• „« _ • 

Sp^ 



T =: 



1 +1>* 



The same result as before, and therefore when A^^ which is the 
difference between the third differential coefficient of y = / {cg)^ 
and of i?® = (a? — of + (y — jS)^, equals 0, or when the contact 
is of the third order, the radius of curvatiare is either a maxi- 
mum or minimum. 
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t 



EXAMPLES. 

(l) Find the radius of curvature and evolute of the 
common parabola. 

dy 2a 
/-+ — , 
a<r y 

(Py 2a dy ^c? 



da^ if dx ^ ' 

d«/* 4a^ 4a* + V^ 4o (a + ^) 
1 + -^= 1 + = ^ = ^^ ^ 



(-1$) 



dy2x§ 

But R s= - = :: = 7= 



f O /y» _l_ /w\3 



tPy 4 a* y^a 

V a 
^ * ■*" dP 4o* + y* jr* (a* + ax) 






y" 4 0'' " a- 



yoo 
a 



.-.-13 = ?^=^ 






.-. -y=(4a*/3) 

rft/ . ^ 2a y (a; + a) ^ . . 

do? "^^ '^^ y a 



/. Sx ^ a — 2a, or a? 



/a- 2a\ 
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But y* = 400?; 
.-. (4a*)»« — {a- 2a;) 

s 

'^27 

4 4. . 

'• ^^Wa^'^^'^'^^^^Wa^^' ^^ putting a-2a = ^,. 

The equation to the semi-cubical parabola. 

(2) In the Conic Sections,- the radius of curvature oc 
(normal)'. 

Length of normal = iV= y \/ \ + -^ ; 



.: i? = 



V ■*" da;*/ JV' 



d'y _ d'y 



da^ dip' 

Now if the vertex be the origin, and the axis the axis of w, 

y* SB imx -^ na^ ; 

dy 
.'. «-— = »» + »«; 
dm 

d*y dy' 
.d*y . ,dy' 

= n . (2ma7 + na^) - (wi -f wo?)* 
= — m*; 



.-. R 
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(3) Find the radius of curvature to any point of. an 
ellipse. 

y = - ^c? - g^ ; 

a 
dy b w 



dx a y/a^ — a^ 

of" 



d'y _ h\ y/^^ } b a^ ha 



dot" a\ o?^(^ I a*(a^-a?«)» (a^-a**)f' 



.-. « = 



&a 



Cob. Let R^ be the radius at the vertex, and R^ the 
radius at the extremity of the minor axis ; 

oa a oa o 

therefore, the length of the evolute of the elliptic quadrant 



= ^2 - ^1 = T 



or 6« a^ _ f, 



b a ab ^ 
and therefore the length of the whole evolute 

ab 



. . dR 

If i? be a maximum or minimum, —— = 0; 

da 



.\ — S \/ €? - ^sf^ . ^x = ; 



.-. «» = 0, and ^ = --; .-. a? = - > a^ which is impossible, 

& e 
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d*R 



. and = - S^'s/a^-e'a^ + Se** ■—y/a'-e^x* 

dor dx 

= — 3e*o, if Jf = 0; 
therefore A is a maximum, when <r s o, or y « J: 6. 

Hence, at the extremities of the minor axis the circle of 
curvature touches the ellipse. 

(4) To find the equation to the evolute. 

dy* 

^^Ta? (tt* - ^a?) y/a* -a* y (a* - ^s^ 

^'^ 357 6^ P ' 

~ dx* 

(o*-^ \ yt? yV.o» 



yV 6/3 




(6/3)' 






a? - a = - (y - ^) . 



do? 6a a y/a^^^ 



(a* - 6*a;^) c^.^ 

— — d? =s tP ^ 





(«)' 
«•.• 






a'e» (aef 





or (««)» + (ft/3)' = (ae)* = {a' - by . 
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(5) Radius of curvature of cycloid. 

I 

NP^y 



dy ^/^a — y 



.♦. 1 + 



dy^ 2 a 
da^ y 



dy d^y — a dy 

^ ' dx da^ y^ dx ' 

d^y a 

doo^ y^ ' 




... i?= — .^ = — V — .-=2\/2ay = 2«5. 
\y I a y y a 

Evolute. 

y - p = — X - = 2y ; .-. /i{ = - y, 



^r-a=-(y-i3)--^=-2y-l ^— ^c=-2\/2ay- 

dec y 

.-. a = a? + 2'\/2ay - y^ 

Take therefore, 

^J/ = 07 4- 2 \/2ay-y* = ^JV H-2i?n, 

and J/0 = A^P, and O is a point in the evolute. 

Its identity with the cycloid may be thus shewn : 

^=1+ ^(^-y) ^^1 ^ 2(g-y) ^ 2a-y 
d^ y/^ay -if^ dx y y ' 

da da. d(i ^ da dy da . /2a— y 

da? d/3 da? d/3 c^a? d/3 y ' 

da ^ ^/ 2a-y _ ^/ 2a-(-^) 

* ^OZ) in the figure should be a curve. 



!/*; 
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Take Am =w^^ - /3, and w Q = a = yj ; 

The equation to a cycloid, of which the vertex is Ay and 
the diameter of the generating circle s 2 a. 

(6) Find the chords of curvature drawn through the 
centre and focus of an ellipse. 

Since by Conic Sections 

CD^ + CP^ = AC" + BC^ 
and CDxPF^AC.BC. 
If CP = r, and PF = ;>, 



P 



a'V^ 



is the equation between p and r, measuring from the centre ; 

.-. 2h.l.|> = h.l.a«6«-.h.L(a« + fc*-r*); 

dp r 

pdr a^ + V ^ r*^ 

, , , , 2pdr 2(a2 + 6«-r*) 2 C2>^ 

.-. chord through center = —=- — = = - , 

dp T • CP 

. dr 2(a« + 6^-r*) 2CD^ 

diameter = 2r --- = = -,— - . 

dp p PF 

Chord through the focus. 

Here p* = ; 

2a-r 

.-. 2 h. 1. p = h. 1. b^ + h. 1. r - h. 1. (2a - r) ; 

2dp 11 2o 

pdr r Ha-r r.(ia — r)^ 

dr _ r(Sa-r) SP.HP CD' 
'■ ^d^~ a ~ AC ~ AC" 

.•• chord a! — -ryr- . 

AC 
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(7) Find the form of the parabola 

y :sz a + baf + cai'y 

which has a contact of the second order, with a given curve at 
a given point. 

Make the given point the origin : then the equation be- 
comes 

dy , , d^y 

.•. -i as «= h + ^ca^y and -7-^ a=qr = 2c. 
dof dw 

q 
But at the origin *» = ; .\ 6 = p, and c = — ; 

^ ^ 22V q qV 2q 

2 



■•■{'s^) -!•(-?)■ 



The equation to a parabola, of which the axis is perpen- 
dicular to the axis of Wj and the co-ordinates of the vertex 

«* p 

, and — ; 



27 



2 
the latus rectum = - . 

9 



Cor. The general equation to the second degree, or 

^ + (aw + b)y -j- car^ -1- ew +/= 0, 

containing five constants, may have a contact of the fourth 
order, with a curve. And should there be a point at which 
a^ — 4 c 3= 0, the osculating curve is a parabola. 

Immediately before and after this pointy a* must be greater 
or less than 4c; and therefore the osculating parabola is in- 
termediate between an osculating ellipse and hyperbola. 



CHAPTER XII. 



SINGULAR POINTS IN CURVES. 



144. If in the equation to a curve expressed by y ^f(w)j 
where y is the ordinate, and x the abscissa ; some value of ^ 

as (a) makes any of the difPerential coefficients 0, -, or -, 

the point so determined is called a singular point. 

(1) Let the values of the first difi^erential coefficient be 
considered ; 

dy 
Since — - represents the tangent of the angle which the tan- 

^^ . . , dy . ; 

gent makes with the axis of <v, if — - » 0, the tangent is pa- 

dx 

rallel to the axis of w^ and this circumstance generally indi- 
cates a maximum or minimum value of the ordinate. 

dy \ 
If —- s= - , the tangent is perpendicular to the axis of x. 
dx 

dy 
If y ^ when -— = 0, then the axis of /v is a tangent to 

dx 

the curve at the origin. 

dy 1 
If a? = when — = - , then the tangent passes through 

(ZX o 

the origin, and is coincident with the axis of (y). 

dy 
When — = - . Many branches may pass through the 

point, as we shall see in the succeeding pages. 
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d^y dy 

If -—-- have a real value when — - = 0, the ordinate is a 
dor dx 

maximum or minimum, as in the annexed figures. 



asaaKl 



d^y 
Before we proceed to investigate the values of -— at these 



da^ 



points, we must establish the following proposition : 



145. Prop. If the ordinate y be reckoned positive, a 

d'y 
curve is convex or concave to the axis, according as -~- is 

dar 

positive or negative. 



In the annexed figures, let 

AN^x' 

and y =:f(x) be the equa- 



NP=y 



' tion to the curve. 



X* 




Draw the tangent PJtf, its equation is 

y^-y-Tx^^^^^y 

Now at the point P^, the equation to 
the curve becomes NxP\ —fipo + A), or ^ 

dx dx^ 1 . 2 dx^ 2 . 3 

and for the tangent, putting a? + A for a?i, and NiM for y„ 

N,M^y-^p-,h; 
dx 
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therefore the deflection from the tangent, or MPi 

in figure (l) ^N.M-N.P,^ --^ T^— ^-^c. 

^ ^ da?* 1 .2 dar».2.S 



.3 



.n figure (2) = iST.P. -iNT.ilf = + ^_+ di^S^^'^'^ 

and since h^ is positive, and that h may be taken so small, 
that the first term of the expansion may be made greater than 
the sum of all the terms that follow it, the algebraical sign 

of MPi will depend upon that of -— . 

But we have seen that when the curve is concave to the 

axis, MPi = — — &c. ; and when convex to the axis, 

daf^ 2 

** ~ + "^3 + ^^- Hence when y is positive, a curve is 

"^"^^'^ . . (Py . 

convex or concave to the axis, according as — - is positive or 

dar 

d^y 
negative, or generally according as y and --j have the same or 

different signs. 

146. Sometimes the curve after being convex to the 
axis suddenly changes its curvature, and becomes concave, 
the point at which the change takes place is called a point 
of inflexion, or of contrary Jlewure. 

If the tangent at this point be produced, one branch of 
the curve will be above it and the other below it, consequently 

on one side of the point in question — ^ will be positive, and 

dJ^y 
on the other side negative. Hence at the point itself --— 

must =0, or 00 , for no quantity can change its sign without 
passing through zero or infinity. 

There is not however a point of inflexion corresponding 

dJ^y 
to every value of Xy that makes r— r = 0, for not only must 
•^ ax 
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this equation be satisfied, but -— r must change its sign after 

dar 

having passed through the point under consideration. 

Also if the same value of w that makes —' = 0, also makes 

dar 

d^y 

-— = 0, there will not be a point of contrary flexure. 

dar 

^y . 

For since --— - is o, /(a?), write x •\- h and (a? - A) for a?, 
dar 

d?y 

and then -—- becomes, on these two suppositions, either 
dar 

''^ ^ da^ da? dw* 2 

(Py 

But at a point of inflexion -— = ; 

.\ the deflections from the tangent at points w + k and ai --h 
are respectively proportional to 

^y , *y A' 

and A •{ — &c. • 

d^ do?* 2 ' 

. cPy . rf'y 

which have contrary signs if — - do not = ; but if — -i = O, 

dar dar 

d^v 
and — , do not vanish, the deflections before and after the 
da/^ 

point will have the same algebraical sign, and the branches are 
both concave, or both convex, to the axis. 

And hence in general there may be a point of contrary 
flexure, when the first differential coefficient which does not 
vanish is of an odd order. 



POINTS OF INFLEXION. 
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Hence, to find whether a curve has a point of inflexion, 

put 7-r =0, or - , and if (a) be one of the values of j? so 
dor 

determined, substitute a + A, and a — h for «r in the expreb- 



sion for 



doF 



Cpy 
Then if ■— be affected with different signs, 



X ^ a gives a point of contrary flexure. 
Ex. 1. The cubical parabola cfy^ar^^ 

y = — ; and if a? = 0, y = 0, 

Cv 



dy 3a^ 
dw o* 

d^y 6ar 




<Py 



If a? be positive or negative, y and — ~ are positive or 
negative ; the curve is therefore always convex to the axis. 

If. = 0,^ = 0. 

cPy Qh . 
If .r = A, - — ~ = —7- IS positive* 
dor a* 

d*y 6h . 

If J? = - A, — — - = r- is nefi^ative. 

dar* or 

The origin is therefore a point of contrary flexure ; also, 

since j? = o makes -^ = and y « 0, the axis of cV is a tan- 
do? 

gent to the curve. 

Ex. 2. The Witch, y = — y/^ax-a!^ , 
ax — a^ 

/- 

3a 



dx 



y/ 9.ax — a?* 



-2a* 



fl?* 



X y/ 9.ax — ^ 



N 
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J aw — 



dry ^ y/^aao-cB^ „ (3a - 2a?) 



da^ a7«(2a^-^) ^.(2aa?-a?^)^' 

ivhich =0 if ^ = — , and changes its algebraical sign, when 

2 

3a 3a 

— + A and A are successively put for x. 

2 2 

There are therefore two points of contrary flexure when 

^a . 2a 

ao = — , and y = ± 



2 ' -" * ^Z 

Ex. 3. In the trochoid, find the point of contrary flexure. 

y = a (l — e cos 0), 
07 s a (d — 6 sin d) ; 

.*. -jt:^ ae sin 0, 
at7 

c/<Z7 
and 7^ = ^ (l - ^ cos d) ; 

dy e sin d 



dw 1 — ^ cos ' 

d^y e cos (l - c cos 0) - « sin* 9 dd 
d^* (1 - e cos ey dw 

e cos — €^ 1 

"" (1 - «cos 0)2 a(l -ecos0) 

e (cos - e) 
a (l - ^ cos 0)'* ' 

d*y 

-—-J = if cos = «, 

aar 

and cos (0 + A) is < e, and cos (0 - A) >c; 



SPIRALS. 



'19& 



.', COS $ = e gives the point of contrary flexure, 

6^ a«-fe* 



and 






147. Points of contrary flexure in spirals. 



B 





Y 


4r^^ 


i 


\ 


V 


J 


\ 


v 


1 


1 


s 




Let there be two spirals, one concave and the other convex 
to the poles. 

Take two points P and Pj in each near, to each other, and 

draw SY and SY^ perpendiculars on the tangents at P and Pi, 

* 

and let 6^ = p, SP = r, and SP^ = r + A, 

and p =f (j) the equation to the spiral ; 

therefore if A be the difference between SYi and SY^ we 
have in figure (l), where the curve is concave to the pole, 

A=/(r + A)-/(r)=|.A-.^^+&c.; 
but in figure (2), where the spiral is convex to Sj 

dp 
and as h may be taken so small that — h may be greater 

than all the terms that follow, we see that the spiral is con- 
cave or convex to S^ according as —- is positive or negative. 

UT 

N 2 
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Hence at a point of contrary flexure — = 0, and changes 

its sign immediately before and after the point under con- 
sideration. 



EXAMPLES- 

Let r = aS", find the point of contrary flexure, 
h. 1. r = h.l. a + n h. 1. 0; 

r 

1 d9 1 

,.-. -= n . — . -; 
r dr if 

dO ^ a rn 

' ' dr nr nr i * 

^ dO p 

But — ^ 



dr T/^f^ — p2 



2 

P fn 



v^ 


-f 


















*1 + 


2 


= 


2 


-f n^ 


2 
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2 





If n 






rn + 7^2 ^„ 



dp n + I -\/ 1 1 !L±i y" 



ttma^mmmitm 



omitting the denominator; 
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13 as 



.'. (n -h 1) r" (r* + n!^a*) - r» = ; 

- r ^ * 

.-. r« {Tir- + n* (» + 1) a» } s , 

whence r = 0, and r « a | - n . (n + 1)|«^ . 

2 fraction with an even denominator, it is obvious 

that n.in-^' 1) must be a negative number ; 

.-. let n" + »= -p; .-. n + ^ = y/^ - p ; 
•'• ^ = ~ i =*= \/^ — j» ; .*. p must never exceed ^. 

A^ P = ^1 ^ - - i» and r = -y= , or = — the equa- 
tion to the lituus. 



.MULTIPLE POINTS. 

148. Whenever two or more branches of a curve pass 
through a point, it is called a multiple point ; and a double, 
triple, or quadruple point, according as two, three, or four 
branches pass through it. 

If the branches intersect, as in figure (l), 

which represents a double point, there will 

he at P two tangents, inclined at different 

dy 
angles to the axis, and thus -7-- will have 

ax 

twiD values corresponding to one of a or y. 

Should however the branches pass 
through P, as in fig. 2. and touch each 
other, and the contact be only of the 

first order, there will be but one value 

• 

of -p- ; but as there are two deflections 

ax ' 

from the tangent, there will be two values of 








w 
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149. Peoblem. If u =/(«JPj y) = be the equation to 
a curve, cleared of radicals, and there be a point where two or 

more branches intersect, -— = - at the point of intersection. 

Let the equation be differentiated, the result will be of 
the form 

dy , du - „ du 

ilf.-~+JV=0, where ilf =—- and iV^-p-. 
dw dy dx 

Then since two branches intersect, -~- will have two values, 

dx 

but M and N will be the same for both. Let a and /3 be the 

dy 
two values of — -; 

dx 

.-. Ma + JV = 0, 

and Jf/3+ JV=0; 

.-. ilf (a ~ /3) = 0, and a - /3 does not c= ; 

,^ , .. ^ dy No 

.*. Jf = 0; and .'. N=0. and -—=---=-. 

dx M 

dy 
CoE. 1. Hence the value of p or --- may be found, by 

dx 

the same method as that by which the values of vanishing 
fractions are determined. 

JV 
Thus, since p = - — . = - when j? = a and y = b; differ- 

M 

entiating numerator and denominator, 

M,p + N^ , ,^ dN dM 
P "^ " UTTTT' ' where Jf, = -—^ = .-.-— , 
Mi-^M2p dy dx 

or Mfip^ 4- 2 Mip -f JVg = ; 

a quadratic equation, from which two values of p may be 
found, and which, if possible values, indicate that the curve 
has a double point. 



MULTIPLE POINTS. 
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CoE. 2. If, however, Mi = 0, JNT, = 0, and JhTg = 0, when 
07 s a and y ^b^ differentiate numerator and denominator a 

second time, and putting q = -— - , we shall have p of the 

form 



l>=- 



ilfsg + MsP* + Jf4P + -Wj 



= - TT^S iF^ i7^' ^l*^" a? = a andy=6; 

Msp* + ilf^p + ilfj 

whence we have a cubic equation of the form 

p^ -f ap* -^bp -^ c ^0 to determine p ; 

and if there be three possible roots, there is a triple point. 

This process must be continued, if the numerator and 
denominator again vanish. 

Ex. 1. Find the species of point at the origin of the curve, 

oy* - ar* - fear* « o. 

dfj 
Differentiating and putting p for — -, 

aw 

2ayp - 3a?*-26<» = 0; 

3^ + 26a? 

... p a _ if J? SB and y = 0, 

^ 2ay ^ ' ^ 

there may be a multiple point. 

Differentiating the numerator and denominator, 

6a?-f26 2fe ^ X 

p = = , when a? = ; 

^ap 2ap 



. b ^ lb 

.-. p* = - , and p = ± \/ - ; 



a a 



which shews that the origin is a double point, atid that the 
tangents cut the axis at angles, 



tan 



-^V-, and tan-» f- V- I -^ 

a \ a) 
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This example will be useful in shewing another method by 
which multiple points may be found. Thus, if there be a 
surd quantity which disappears from the equation y =f(w) 
by making w ^a^ but which is found in the equation 

dy 

then --— will have two values,- while « has but one, and a 
dx J y ^ 

double point is indicated. For resuming the example, and 
solving it with respect to y^ 

dy ' \/ w -f h X 

Make x^O. Then « « 0, and -=^ « ± V - , as before. 

dx a 

Ex. 2. Find the pmnt at the origin of the Lemniscata. 

Here 2(a? + py). (.r* + y*) « a«(a?-py); 

a^X'9.x{x^^-f\ ,^ 
•• P^-i c ,^ A = -^ if a?andy = 0, 

g^ - 2 (a?^ H- y^) ~ 2^ (2a,' + g yp) 
ap* + 2p (o?^ + f) + 2y (a? + 2yp) 

"^' if ^=0 and y = 0; 
.-. p*= 1, and p= ± 1, 

and the values of -?- are + 1 and - I, or -^ = tan 45, and 

dx dx 

tan 135. 
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aoi 



Ex. 3, Find the same, when x* ^aya^ -¥- b\^ « 0. 
Here 4.«' - aa^p -^ayx-^- Sb^p = ; 

- , when X and y = 0, 



• P 



Sby^-aa^ 

— ^ = - , if a? = 0, 

obpy "^ax 



2ap -\-2axq + 2ap - 24a' d*y 



6bpi^ -^6byq - 2a 



^ap 



, if a? as ; 



66p*-2a 
66p' - 2op =s 4ap, or p . {6p* - a} 



= 0; 



.*. p = Of and p 



b 



there is a triple point at the origin, and the axis of x is one of 
the tangents. 



The triple point at A is repre- 
sented in the annexed figure; TAt 
is the axis of «r, AT^ and AT2 are 
the tangents of the angles 



tan 



-Vi, 



and tan 



- (- ^t) ■ 




Ex. 4. Find the species of point at the origin of the curve 

j^- 3axy + ar^ = 0. 

Here if a? = 0, y = ; therefore, differentiating, 

i^y ^y ^ ^ 

tf ao? ay + ar = ; 

dx dx 

dy ay — a^ 

•*' T^P^ ""' = - , if 0? = and y = 0; 

ax y — aw 
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ap — 2^ ap .- 

.'. p = = — , if .1? = ; 

2yp - a 2yp - a 

,\ 2yip^ -ap = ap, 

or p(yp-a)^0; 

- a a 

.-. p = 0, and « = - = - = 00 . 

y 

The origin is therefore a double point, and the two axes 
are the tangents. 

The curve is represented in the annexed figure. 




dy 
150. If the branches touch, then -^ will have but one 

a<r 

value, and vet at the same time be of the form -. 



For, supposing the contact to be of the n^ order between 
two branches of the curve ; then the values of the differential 
coefficients, as far as the (n -f 1)*** coefficient, when ^ = a, and 
y = 6, will be the same for both branches ; but after the n^ 
will be diflFerent. 

dy 
Let M -— A N - be the equation after the first diffier- 
dx 

entiation, the original equation being previously freed from the 
said quantities. 

Then, repeating the differentiation {n) times, we have 
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M being the same as before, and N^ being the sum of the 
differential coefBcients below the (n + 1)***, together with 
functions of x or y, 

B"t -7 — IT "as two values, as a and 3> while M and N^ 
remain unchanged; 

. . ilf . (a - /3) = ; .-. ilf = 0. 

But Jf --^-i-JV = 0; .-. if cT = «, and y = 6, JV=0; 
acT 

and .-. — = - . 
del' 

The analytical character of double points of this descrip- 
tion is, that when -^ = - has but one value, -~^ , which also 
^ ax dar 

= -, has two. 




CONJUGATE OR ISOLATED POINTS. 

151. Conjugate or isolated points are those which have 
real existence, and are determined by the equation to the curve : 
but from which no branches extend. 

> 

Hence \{ x - a and y -b give such a point, then ^ = a + A, 

and w = a — hj will make j^ impossible, as well as — , and many 

dx "^ 

of the differential coefficients. 

dy , 
At such a point — = - , if the equation be cleared of 

radicals. 

In differentiating the equation u ^ f (xy) = it will be of 

the form ilf -^ -f JV = 0. 

dx 
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dy 
Now at a conjugate point -^ is impossible, let it 

= (a + /3v^); 

whence JV = 0, and Ma -f JV = ; .*. ilf = 0, 

and^ = °-; 
df^ 

d'u 
whence the value of — may be determined by the method 

CL30 

used for finding multiple points. ^ 

Ex. ay* - a?' + hd^ = 0, 

Sa^-ZhoD .- , 

.'. © s= = - , if a? = and .'. v = 

^ 2ay ^ 

6a?-2fe 6 

= = , if a? = ; 

^ap ap 



b fZl 

•. p2 = - _ ; and .*. p = \/ — 
a a 



p= v-^. 



Now a? = gives y = 0, while 

.Also since y = a? \/ , if a? = + A, or — A, the values 

a 

of y are impossible, and the origin is therefore a conjugate 
point. The same result may be obtained by differentiating the 
equation 

y = a?V • 

a 
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For t - \/^ + 



w 



dx a 2 V a v^a? — b ' 

and if J? = 0, -i^ = V — . 

dw d 

And in general, if there be a surd ^hich vanishes from the 
equation y ^f{x) if a?= a, but which becomes impossible in 

— sr (.v), there will be a conjugate point. If at the same 

time the values of y are impossible, both before and after the 
point. 



I.' 



CUSPS. 

152. When two branches of a curve touch each other at 
a point through which the branches do not extend, the point 
is called a Cusp. 

The branches have at this point but one tangent, and the 
cusp is of the Jirat species when the branches lie on opposite 
sides of the common tangent, and of the second species when 
upon the same side. 

Hence if .r = a and y - b give the point in question, 

dy d^y 

— will have but one value, but --— - will have two values, when 

dx dor 

either a + A, or a — A is put for x. 

If the values of — — be both positive or both negative, the 

dar 

cusp is of the second species, and if one value be positive and 

the other negative, the cusp is of the first species. 

Since by the definition the branches suddenly stop at the 
cusp, either a-i- A, or a - A, when put for w will make the or- 
dinate impossible. 
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Figures (l) and (2) exhibit cusps of the first and second 
species. 




N 




Sometimes the cusp is of the form represented in the above 



N 



figure, in which {a + h) and (a — h) when put for x will give 
real values for the ordinate. 

These are discoverable by observing, that if .2? = o and 
y = 6 give the point P, that y ^h — k makes (,v) impossible. 
Or we may at once transform the equation to the axis of (y) 

making of =f~^ (y); and find the values of <r, -p- , and -r-r at 



and near the point where y = 6. 



dy 



dy" 



\ 



Ex. 1. The semi-cubical parabola. 
doff '^ a 



<ey 



3 1' 



a<r 




CUSPS. 



207 



dy 
If .r = 0, y and — - c= 0, if a? = - A, they are both impossible. 

dx 

d^y 
But if tr = A, « and have two values, one positive and the 

other negative ; the axis of w is therefore a tangent : there are 
two branches to the curve, one above and the other below the 
axis of ^, and both convex to it, but the curve does not extend 
through the origin to the negative axis of the abscissas. The 
origin is a cusp of the first species. 

Ex. 2. Find the point, when a? = a in the curve of 
which the equation is 



dof ^ ^ 




. d*y 5.3, , 

and - - = 2c + (x - a)«. 

dai^ 2.2 ^ 



Let J? = a ; 



V 



M 



.'. j^ = 6 + ca^y 



J ^y 1 ^y 

and -—- = 2ca ; and ---^ = 2c, 
dof dar^ 



.'. ^ = 6 + e (a + A)^ + As, and 






whence in consequence of the index ^, y and -—7 have each 

d^y 
two values, but those of — - are both positive, and since 

, dw 

(o - A) put for X makes y, 3— and ---- impossible, the point 

doB dar 

is a cusp, and of the second species. 
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Take ar = a, y = b -^ ca^^ and draw a tangent through P 
inclined to the axis of abscissas at an z =: tan~* 2co, and then 
draw two branches above the line through two points Q and 
Qi, where 

JIf Q = 6 + c (a + hf + Ai, and MQ, = 6 + c (a + A)» - hK 

' and the curves will be represented. 

For additional illustrations of these points, the student is 
referred to Peacock's Collection of Ewamples of the Jppli- 
cations of the Differential and Integral Calculus. 

153. We shall conclude this Chapter by a few remarks 
upon the subject of tracing curves by means of their equations. 

(1) If it be possible, let the equation be solved with 
respect to one of the unknown quantities as y^ and let it be 
put under the form y ^f{x). 

Then give to x all the possible positive values the equa^ 
tion admits of, and so determine the branches above and below 
the axis of positive abscissas. 

Next put (—a?) for a in the equation y ^f{ai)y and in the 
equation, thus transformed, again substitute for w all its pK)s- 
sible positive values, and the branches above and below the 
axis of negative abscissas will be determined. 

(2) Ascertain whether the curve has asymptotes, and if 
it has, draw them. 

(3) Find whether the branches be concave or convex to 
the axis, and determine the nature and situation of the singular 
points. 

The preceding remarks refer to curves having rectangular 
co-ordinates, but if the equation be between r and 0, we must 
give to 9 all values from = to = Stt, and draw the corre- 
sponding values of r. 

Ex. 1. Let y^x, , trace the curve. 

0?— a 

Take A the origin. 
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Draw Aof and Ay the two axes. 




Let ar = 0; .-. y = 0, 

af<a; .*. y is positive, 

»> aKQa^ y is negative, 
^8s2a, y 5= 0, 
A^>2a, y is positive, 
^ s 00 , y is 00 . 

Again, let -<r, be put for w; 

.•. ymt^w is always negative. 

a? + a 



To draw the asymptote, 




h +- +&C.J ; 



O 
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2 a* 
= a: — a &c. ; 

<v 

.•. ^ = ^ — a is the equation to the asymptote. 

Take therefore AB = a, and AD = a, and the line BD pro- 
duced is the asymptote. Also take AC = 2a. 

Then since y = 0, both when j? = and a? = 2 a, the curve 
cuts the axis at A and C, 

Between A and B the curve is above the axis, and at B 
the ordinate is infinite ; from B to C the curve is below the 
axis, and from C to infinity is above Aof. Again, since if ^ be 
negative y is negative ; the branch on the left hand of A is 
entirely below the axis. 

To find the value of -— , 

aw 

dy tT - 2 a (a? - a) - (a? - 2a) 

ax 00 — a \x — ay 

ar^ -Sax ^-^a* ax 



2 



{x - ay (x - a) 

a^ —^ax+2a^ 

{x - ay 



dy 
Let cr = a ; .•.-— = oo ; 

dx 



therefore the infinite ordinate through B is an asymptote ; 

dy 
a<r 

or angle at which the curve cuts the axis at -4 is = tan"* (2), 

dv 
tT? = 2 a, and — again = 2, or angle at which the curve 

ax 

cuts the axis at C is = z at A. 
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Since (d?* — 2o^ + 2a*) = (ar — a)' + a% the roots are im- 
possible ; therefore -— does not = 0, or there is no maximum 

ax 

or minimum ordinate. 

, . d*y 2.(a7-o)* -2 K'«?-«)' +«'} -2a' 
Ag9in, ^ ' 



da^ 



{w - ay 



{w-af" 



^y . 



d<2?« 



is positive if /r < a, and is negative if a? > a. 



But «r < o, y is positive, and a? > o < 2o, y is negative ; 

and 0? > 2a, ^ is positive; 

therefore from A to B, and from B to C the curve is convex, 
and from C concave to the axis. 



If ^ be negative. 



^y 



2a= 



is positive, but y is negative ; 



doE^ (of + ay 
therefore the branch from A to the left hand is concave to the 



axis. 



Ex. 2. Let f = 



ar^ + I a? + 1 



a? — 1 J? — 1 



(cT2-.r + 1); 



. /a?+ 1 



.t?- 1 



\/o^^-x -H 1. 



-4 the origin ; Ax^ Ay the axes. 



If a? = 0, y = 



v/-i 



is impossible, 



.T < 1 , y is impossible, 

0? = 1, y is ± OS , 

.r > 1, y is possible ifc, 

,r = 00 , ^ is 00 =t ; 

therefore there are two infinite branches extending above and 
below the axis of positive abscissas. 

o2 
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For 



/ w — 1 

3D put - a? ; .-. y = ± \/ (^ + a? + l), whi 



a? + 1 



which is 



impossible, if ^ be < 1» and =: 0, if ^7 = 1. 




If <r > 1, and increase to infinity, y is possible =t and in- 
creases to infinity; therefore there are two infinite branches 
which meet the axis ^^i in a point C, H AC ~ 1. 

To find the asymptote: 



= :L 




1 
1 

X 



w or 



1 + — + &c. 
± ^ (1 + :7-5^ + &c.) 



1 + &c. 

9,x 



2j? 2a?* 
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± |l +- + &c.}af(l +&C.) 



.'. y 8 :1s (^ + ^) gives the two asymptotes. 

Take AB = AB^ = |, and JC = \, Join CD and CA> these 
lines are the asymptotes, and if through B an infinite ordinate 
be drawn, two branches of the curve will lie within the angular 
space formed by the intersections of this line with CD and CDi 
produced. 

For these branches of the curve will always lie above the 
asymptotes. Since the ordinate of the asymptote is always less 
than the ordinate of the curve. 

This may be thus shewn. Let ^i be the ordinate of the 
asymptote ; 

••• y* = 5 and yi* = or* + a? + ^ ; 

• • JT " yi = ; > 

a? - 1 



or (y + yi)(y-yi) = 



3a? + 1 
4 . (a? - 1) 



But y + yi is essentially positive ; therefore y - yi is posi- 
tive; or y>yi. 

By a similar mode of reasoning it may be shewn that the 
branches which extend from C, above and below the axis Ca?i, 
lie between the lines AC, and DC (asymptotes) produced. 



To find the values of 



dy 
dx 



2h. 1. y=h.l. (<r^+ l)-h. 1. (a?-l); 
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dy y 



2^-30?^- 1 



y ( Sx* I \ 2^ - 30?" - 1 



which is 00 , if a? = 1, or cT = — 1. 

Hence the infinite ordinate through B touches the curve at 

an infinite distance from Aw^ dr is an asymptote : and the curve 

at C where ^==0 cuts the axis at right angles. Also since the 

numerator Sa?^ — Sa^ - 1 is = - 2 when a? = 1, and is = S when 

a? = 2, there is some value of w between 1 and 2 which will 

dv 
make -— = 0, or y a minimum. Take AM this value, and 
dw 

MP and Mp will be minimum ordinates. 

Ex. 3. As a last example, let the equation be between 
polar co-ordinates. 

Trace the curve defined by the equation r = a (l + cos 0), 




0=0; .-. r = a(l + l) =2a,^ 



/I ^ 

= — ; .*. r = o. 

2 



Let = — + a ; .'. cos = — sin a, 

2 

and r = o (l - sin a), or r < a, 

2' 
Again, let = (tt + a) ; •*. cos = - cos a, 

and r = o (l — cos a), which increases as a increases, 
and r = a when a « 90. 
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Again, let = ha; .*. cos ( — + a ) = + sin a ; 

.'. r = a (l + sin a), which increases as a increases, and when 



IT 



a = — , or O^^Wf r = 2a. 

It is obvious that the curves in the first and fourth qua- 
drants are the same, and those in the second and third resemble 
each other in every respect. 



Take AB = 2a, AC = AB 

cuts the axes are determined.- 



• a, and the points at which it 
•This curve is called the Car- 
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CHANGE OF THE INDEPENDENT YABIABLE. 

164. From the equation y=/(^), we have in the pre- 
ceding pages derived the values of the differential coefficients 

•-"^ 9 J &C. 

dof da:^ 

considering a? to be the independent variable : but as it is left 
entirely to our own choice which quantity of the two we may 
assume to be a function of the other, let us see what sub- 
stitutions we ought to make for 

dy d^y 

y J &C» 

dw da^ 

when y is changed into the independent variable, and <r be- 
comes the function. 

Again, it is frequently convenient to make a substitution 
for w in the equation y^fiw)^ such that 

^ = </)(«), and .-. y^fiO); 

we must therefore find the values of 

dy d^y 
dw dar 

on this new supposition. 

We have indeed already seen that 

dot 1 

^y "^' 

dx 
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- , dy dy dw 

and in the following Propositions these equations will be again 
proved, and other important results obtained. 

156. Peof. If y ^f(ai)y and therefore w =/"* (y), find 

_, . dy d^y 

the value of the differential coefficients -— , --— , &c. in 

aw dor 

terms of 

dx d^x d^x 

dy ' dy« ' dy» ' 

Let y + Ap be the value of y when x becomes (^ + A) ; 
, dy , d^y A« d^y A» „ 

And since a? + A =/"^ (y + Ap), 

dx , d^x Ac* d^x Ac* 
dy d%f 1.2 dy* 2.3 



substituting for A in equation (l), 

dy (dx , d^x Ac* d^o? A* 
A=-^<--A + ---5 — + -7-^ — + &c 
d^ [dy d^ 1.2 dy* 2.3 



■} 



da?* (dy* dy ' d^ j ' 1 • 

d^y frf^ 
^ d^ 

+ &c. 



2 



Idy* j 1.2. 



^ dy dx Idy d^x d^y dx^\ A* 
dx' dy \dx* df^ da^'dt^l 1.2 

{d^x dy 
d^ dx 



dx d^y d^x cPy da^] A* 



dy ' da^ ' dy^ da? * dy^] 2.3 



i 



+ &c. 



ii 



1 '' 
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therefore, equating coefficients, 

dy dx dy 1 

dw dy^ dw dx • 

_ dy d^w d^y da^ 

and — ^ . — H . = ; 

doo d'f do^ dy^ 

d^x d^y d,7^ 
^.^ I ^. = 0; 

d'f dx^ dy^ 

^£x 
d^y ^ dy^ 

and 9 putting 

JO, g, r, &c. for the differential coefficients when y ^/(x), 
and jo„ 9i, ri, &c when ^=/"*(y); 

ePa? dy dx d^y d^x d^y dar^ 

Also, since jTJ-t- + ^ T"-T~a-3^ + TT" JT= ^' 
oy* dx dy dor dy^ dx^ dtf 



^1 5^1^ 
or -- - — ^ + rjoi' = ; 



P\ Pi 



>\ r = 



p.* 



and similarly may the other coefficients be found. 

Example. Take the expression for the radius of cur- 
vature 

^ V^d.z^l (1. 4- p')i , .^ _,,^ 

5 = — — = , and if 07=/ (y) ; 

d«27^ 
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. R 



V^P.V (p>'+i)* 



11 
p.' 



<?i 



Let y' = 4imx; .•• a? = 



do! 



4m 



y 



dy * 2wi' 






1 



= gi = 



2m 



.'• -ff = 



t^ ^ £-^) 



(4m^ H- 2/*)* 2 . (m + a?)J 



4m^ 



V 



m 



2m 



166. Again : if y ^f(6)y and ^=^ (0), express -— , -— , 



&c. in terms of 



dy dx d^y d^x 

d0' le' W ^ 



, &c. 



Let y + k^ + my and x -\-h^ be corresponding values of 
y, 0, and x\ therefore, by Taylor*'s theorem, 

dy d^y m^ d^y m^ _ 

, dx d^x m^ d^x m^ 
dO dff^ 1.2 dd* 2.3 

also, since y + A; is a function of ^ + A, 

, dy^ d^y h^ d^y h^ „ 
dx dx^ 1.2 d.a?'* 2.3 

therefore, substituting for Ap and A, 

dy d^«^ m^ 

TTT m + ^-r. . — + &c. 
dO dd^ 1.2 
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dy (dx d^w m? 

IT' ^ ^ + ITS • + See 

dw \d9 de^ 1.2 



d^y (dx^ 2 



•) 

dx d^x 



*Tl-di{i^"'*t«-W"'*^° 



■) 



+ &c. 

dy dx 
dx d0 



dy d^x d^y da^\ mf 



(dy 

\dx 



'"■''^•d^ + d^-d^JTi ■*■*'"• 



dy dy dx 



or 



dy 
dy^^dO 
dx dx^ 

dd 



- d^y dy d^x d^y da^ 
^" l^^d^'dff^d^'d^' 

d^y dy d^x 
d'y d^"!^'!^ 

d¥ 

dx d*y dy d^x 
de'd^'de'dff" 

\de) 

d'y 



and similarly may ^^ be found. 



157' The expression for the radius of curvature being 



R = 



da^ 



we have, when w = <p {6) and y s:f($). 



h^'' 



ldx\ * fdy\ 

del ■*■ [del 






( 



dx\ 

dej 
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and - 



dy €Pw dx d^y 
d^ dd'de^'de'l^ 
rf^ " /day 

[del 



„ \\d0 



m 



dy d^w dx d^y 
de'd^^le'd^ 

Let ^ s - r cos Q and y = r sin be the equations between 
s and By and y and B ; 

d^ <29* dy dt 

.-. --r = + r sin - cos -77: , and -r^ « ^ cos + sin . —-r ; 
dv dv d& dQ 

dPx ^ . ^ dr d*r 

.-. — - + rco80 + 2Mnd--co8d._; 

and -^ = -r 8in0 + 2co8 03T^ + sin 0.— ^; 

■' d^'''de»' ■''d^' 

dy ePat dw d^y 
deWdQl^ 

di* d'r 

' ■^*deif"''"di^' 






( 



dr* d*r 
d6P d0* 



Ex. 1. Let r ^a sin 0, the equation to the circle from 
a point in the circumference, B being the angle between the 
tangent at origin and the radius vector r, and a being the 
diameter ; 
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dr y 

.'. -^ = O'cos 6 = V a- - r* , 
du 



5 = 



r^^-ga^-^r^ + r^ 2a« 2 



Ex. 2. Let r^ = a^ cos 20, the equation to the Lemniscata ; 



= .sin 20= . VI---; 



d9 r r a 



d?T a^ , dr %a^ 






2o2 r^ 
r a* 



d^ d^ ^ ^ + y8 



r^ ' 



• R= l!ll = -^_£ 
Sa* 3a*r ~ ir 



r^ 



Ex. 3. As another, exemplification of the formulas for the 
change of the independent variable, let the equation 

^y X dy y 

^-73p-rf^+7r^=0' wliere w is the independent 



INDEPENDENT VARIABLE. 223 

variable, be transformed into one where Q = cos "* x shall be 
the independent variable. 

X = cos ; .-.—-=- sin 0, and ^-^ = - cos t^ = - a?, 

dy^ 
dy dQ 1 dy 

dw diV sin 9 * ctd 

dor" doc' sin^e 

.-. substituting for a?, — - , — - , and for 1 - a?^ = sin* 0, 
1 d*y cos Q dy cos Q dy y 



an equation which is satisfied by making 

2/ = -4 cos (0 + B). 

158. Find the radius of curvature, where the arc is the 
independent variable. 

i?=^_j[£i,and^=l+^. 
d/^y ' e/di'^ rfa?^ 

But if X and y be functions of «, 



df \d 

1 +--?- == 1 + 
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-(-s)'-(sr- 

dy cPw dw d^y 

d^y da * d«* da ' d«* 
and - 



da^ (dw 



'-) 



.-. J2 = 



dy d^x dx d^y 
da ' d«* da ' d^ ^ 



which, by multiplying numerator and denominator by da^, 

may be wntten R = - — — -r- , 

dy arx - dw dry 

where dy^ dx^ d^y, and d^x are the first and second difFer- 
entials of y and x with respect to a. 

, I dy d^x dx d^y 

^^'"''' « "d7d^"d7*d7- 

_ dx^ df^ 

But + -^ = 1 ; 

df?^ d^ 

dx d^x dy d^y 

^., ^ _! £. , £ = ; 

" d« * da^ da ' ds^ 

diT dy d^ 
d« d« ' d^x 



and — 



do? d^y dy 
d« d«^ d« d*a? • 
, d? 



Vd«V 
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dy^ dhB^ dw d^ ^ dy \d7) "*" Vd?/ 
" da ' d^ da ' df^ ~ da ' dfx 

da?* 

But f^v=2;. f^fV; 

d? 
/d«* d^\ /^\ * 

ld7/ U« / 

■• ^/i^M' - 1^ 

d« 



1 

and R = 



^/(S)^^ (^ 






or multipl3ring numerator and denominator by d^, and using 
Sy, and (T^, for the second differentials of y and so, 

d«« 



y (d'y)" + (d»a?)« ■ 



Ex. Find the radius of curvature of the catenary. 

Here .t = y/ & + «*, and « = c, h. I. ; 

e 

P 



226 EXAMPLE. 



dx « , d^ai _ - 






= '7PT^''"'*d?"(?T^' 



■d«iP\« /<Py\* c« + <!»«* 



/tPipy pyV-^— t— — — — — - 



.-. R^ = — 



c c 
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FUNCTIONS OF TWO OR MORE VARIABLES.-.IMPLICIT 

FUNCTIONS. 

159. As yet we have only treated of functions of a single 
variable, we next proceed to the case in which u ^/{wy)^ 
where w and y are independent of each other, and the value 
of u correspondent to new values <r + A, and y-^k, of <v and 
y are required. 

Now if t« is a function of iV and y, or u ^ /(jvy)^ 
u may vary on three suppositions; 1st, w may vary, and y 
remain constant ; 2d, y may vary, and of remain constant ; and 
3d, a? and y may both vary together. 

Suppose u^ jsf^j and let of become (<v + A), and y re- 
main constant ; therefore if u be the value of t^, 

n^ s (^ + A) y^ s: wy^ + y^A. 

Next let y become (y + A;), and w be constant, and let 
«! be the value of u; 

.-. Ui^af(y -{- kf = wi^ + ^wyk + wl^. 

Again, in the equation u-my^ write a? + A, and y + A? for 
X ^tid y, and let Wg ^e the value of y, that is, u^ ^f{po + A, y + k)\ 

.-. W2 = (a? + A) (y +A:)* = a?y^ + y^A + 2J7yA? + 2yA;A + ^&* + A;^A, 

the same result as would have been obtained had we put 

y + A for y in w*, or a? -f A for .r in w, . 

p 2 
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160. Next considering the question in a general point 
of view. 

Let u '=f{oe, y)j then if y remain constant, while at be- 
comes ^ + A, we have by Taylor's .Theorem, 

-^ , . du , d^u }? dPu A* 

or, if w remain constant while y becomes y -^-k^ 

du^ dl'u K" dPu h? 
f(at,y-\- k)^u+ -T-k -^ ---—- + -—.■— - + &c. 

dy d^ 1.2 df^ 2.3 

Suppose now that w and y both vary^; or of become a? -h A? 
and y become y + k; it is not possible to make both these 
assumptions at once: but if we use either of the two series, 
for /(a? + A, y) or /(a?, y + Ap), and in the former put y +k 
for y, or in the latter <r + A for ^, we shall in either case 
have f{af + A, y + k)y and its true developement. 

Assuming the first expansion, 

, ^ dw , d^u W d^u h^ 

f{x + A.«) = w + --— .A+ 3-2 + -T-r + &c. 

•^ ^ ^^ dw dx^ \ .2 da^ 2.S 

du d'u .*"' - J, 
But u=f{pDy\ and therefore -— , —^.9 are also func- 

dx dx ^ 

du ^u 
tions of X and y% if therefore y become y -^ k^ u^ —— , ----, 

dx dor 



• • • 



will become functions of y + Ap, and may be expanded by 
TayloFs Theorem, x being considered constant. 

Let therefore y become y + k; 

du dfu k^ dPu A^ 

.-. t^ becomes t^ + -- . A + 3-7—- + -tt • + &c (a) 

dy dy^ 1.2 dy^ 2.3 ^ 

du d?u du 

and to obtain the values of -—- , --- , &c. we must wnte -7- , 

dx dor dx 

— r , &c. for u in the series (a) ; 
dar 
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d.» O'J^] 



( \ 



du _ du \dx) , \dxl f^ 

— becomes — + — k + -— --, — - 

dx dx dy dy 1 • 2 



d.f— "l 
cfer* da^ dy 



d . f-'^"^ 



dPu tPu ~ \dar'} , , 



d.f— ) 

But it has been ainreed to write -; — - for , , 

dy ,dx dy 

which expresses that the function has been differentiated twice, 
1st considering x as variable, and then making y variable : 

and , IS written t—o > ^^^ , is wntten 

dy dy.dx* ay" 

-j — , denoting the differential coefficient when the func- 

Off • OiX 

tion has been differentiated m times with regard to x^ and 
n times with regard to y. 

Making these substitutions, and multiplying the expan- 

du d^u h!^ 

• sion of -— by h* that of — -r by , &c. we shall have 

dx ^ da?* -^ 1.2 

_, , ^ du , d^u Jc^ (Pu 1^ 

du , , d^u , . cPw hk^ 

+ ^- A + - — 3- hk + , g - . + &c. 

dx dy.dx dy*.dx 1.2 

d^u h? d^u h^k 

day* 1.2 dy , dx^ 1 . 2 

^u h? 
dx^ 2.3 

+ &c + &c. 
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161. But this developement was obtained, by first sup- 
posing <r, and then y to vary; but manifestly we should 
have had an equal result, had y first become y -^k^ and then 
X to have increased to a? + A. On this supposition we have 



/(cT, y + A?)=t^ + -j--A?+ -j-^ --— + -j-^ . ■— - + &c.; 



dy dy^ 1 . 2 d%^ 2.3 
and then putting w -^-h for <r, 



, du , c?-w A* cPw A^ 

w becomes w + — - A + —-^ - — + — + &c. , 

dw dx' 1 . 2 dor 2 . 3 

rfw d«* ^u , cPw A* ^ 

— — + A + . + &c. , 

dy dy dxdy da^dy 1 .2 



« + T—r-o 7 + &c. , 



dy^ dy* dxdy'^ I 

+ &c.; 

whence by substitution the total developement becomes 

du , ^u A' ^u W 

du , d'w , , d^u h?k 
dy dxdy dx dy 1 ,2 

d^u A* d^u l^h ^ 

H + h &C. 

dy^ 1 .2 da?dy* 1 .2 

dy* 2.3 

+ &c. 

CoE. 1. Since the series are equal, the coefiicients of the 
same powers of A and k ought to be equal ; 

d"ii <Pu 
dydx dxdy ' 



• • 
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and 



dy^dx dxdy^^ 

dydw* dx^dy ' 
&c. = &c. 

d^daf dafdy"^ ' 



Whence it appears that the order of differentiation produces 
no alteration; or that the differential coefficient of u differ- 
entiated m times with respect to ^, and n times with respect 
to y, is equal to the differential coefficient when u has been 
first differentiated n times with regard to y, and then i» times 
with regard to x. . 

dPu d?u 

Cor. 2. Airain, since -; — = -; — — \ 

® dy.dx dxdy 

du - 

therefore by writing -— for u we have 

dx 

dy . dx dxdy 



or 



dydx dxdydx 



dydx dxdy 



dydxdy dx.dff 

162. Since ?^, ~, ^, &c. have been obtained by 

dx dx^ dor 

the consideration of x alone being the independent variable, 
such differential coefficients have been called partial differ- 
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ential coefficients, and for the same reason — , —— , &c. are 

dy df 

also called partial differential coefficients, and these partial 

differential coefficients are frequently included within brackets, 

idu\ 
thus (— I is the partial differential coefficient with respect 

(du\ . . , 

— 1 is the partial differential coefficient with 

respect to y, and (— ) doo^ and yr-] dy^ are the partial 

differentials of Uy with regard to tV and y respectively. 

du du . - 

163. The term -;— A + ^— Ap, which involves only the 

dw dy 

first powers of h and k is called the total differential of u^ 

and putting dw for A, and dy for ky is thus written; 

du\ , fdu' 

4y 

or the total differential of u-f(a}y) is the sum of the par- 
tial differentials. 



d«=(g).d. + (^)dy, 



Ex. 1. w = a?*"y". Find du and shew that 



( 



dydtV dwdy 

.-. du = ma?"*"^ .tf.dw^- noTy^'^ dy 

= a^'^ff^'^ {mydx + nosdy)^ 

. d^u , , cPw 

and 8= nmof^'^.y^' = 



dydof dwdy 

Ex. 2. w = sin a^y^ 

du du 

•— • = 9,wy cos ^y, — = a^cosa^yy 

dx dy 

CPU , , . o ^^ 

= + 2a? cos ary - 2ary sm ary « 



dy.dw dwdy 
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164. Having given the first differential of u, we may 
form by differentiation the successive differentials (Pu, cPt^, &g. 
For 

""-(S)"^-^©"* <»• 

And differentiating, considering I j-j and (t~) as func- 
tions of Of and y^ and dx and dy constant, we have, by 
writing successively, f^j and (tT") ^"^^ ^ ^^ ^^^' 

ldu\^(d^u\ ^u 

* \dx) \da?*/ * dydx ' 

/dtt\ (Pu (^^\^ 

\dyl dwdy' \d^} 

Then substituting these values, since 

(du\ (du 



{£)•'''' 



\dd?/ \dy 

(Pu , d*«* d^u 

d* w = -r— . dor + 2 . — . dy.dx -k- —-r- . dw\ 

djr do? . dy dy* 

Again, to find d^u, substituting as before 
, /d*tt\ (d!^u\ ^ dPu ^ 



\dxdyl 



\da^l \da^J dydx^ 

— s — • dx + 

dy/ dx dy dxdydx 

(d*w\ d'w 

+ 3. 



/d*w\ 
.dy^d^+ ^^J^J^- 



d%fdx \dy^ 
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165. The law of continuity is almost obvious; for the 
numerical coefficients appear to be those of the terms of the 
expansion of the binomial {h + kY : but to prove that the 
coefficients of the successive differentials of u do follow the 
law of the coefficients of the binomial theorem, let us assume 
that 

d'^u = - — da^ + n.-- 7-— .daf^'^dy 

dx" daf'^dy 

fl 

Then, differentiating the successive terms by means of 

du _ du , 
du - -r- dx •\' —— . oy, 
dx dy 

^•l^J =5^-^"^d^^-^» ^'^' 

^ ( d^u \ d^'^^u , d"+^t^ 

Kdaf'-^dy) da^dy daf-^df ^ ^^ 

, I d^'u \ d'^+^u , d^'-^^u ^ , ^ 

"^'[d^^^^j^d^^^^^ ^'>- 

Sec. = &c. 

Then, multiply (l) by d^r", (2) by n.daf'^dy, (3) by 
n. I J .dw'^'^dy^j and adding 

, , d"+^i^ /d"+'w\ 

'^'""=d^'^*"" + (»+^)- (d^J •'^^'^y 

(n+l).w d"+^w , , , ^ 

or if the formula be true for the index n, it is true for (/i + l), 
and we have seen that it is true when n = 3 ; it is therefore 
always true. 
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Cor. If instead of dm and dy we write h and Ar, we have 

du du 
du :=^ --- h + --- ky 
dw dy 

d^u d^u d^u 

<*'« - 5::^ *' + « :r:r ** + TT **' 

dor dydx djf 

d^u d^u d^u « d^u 

dar dardy djfdx dy 

&c. 



and therefore «8 ■=/ {(a? + A), (y + k)] 



d^u d^u 

^ u + du-i H + &c. 

1.2 2.3 



+ &c. 



1.2. 3. ..n 

or the expansion of /(^p + A, y -{- k) may be found from the 
successive difiTerentiation of u ^/(a?, y). 

166. Again, if u =/(^j y, «)> and if d7 + A, y + Ap, jir + 9i>, 
be new values of Wy y^ x, and t^^ the value of u^ 

du , du , du 
aor dy dx 

+ ^A»+JBA:^ + Cm* + &C. 

For, supposing ar to be constant while w and y become 
0? + A, and y + A? respectively ; 

du du 
.-. f{x -^-h, y -\-ky iif) = M -I- — - A + -— A? + &c. 

a^ ay 

m 

Now, let isr become « -k-m; 

du 
.*. u becomes u + —— « + &c. 

dz 

du du d^u 

diV diV dzdx 
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du du d^u 

dy dy d^dy 

&c. = ar, 

du du du 
tu = /(a? + A, y + k, » + w) = w + --fii + --A+-;— Ac + &c. 
•^ dz dw dy 

and in a similar manner may the expansion of a function of 
fojur or more variables be effected. 



Cob. Hence, if for my A, and A, we put dxy d<r, and dy, 

fdu\ , fdu\ , fdu\ 

<dy 

This result may however be obtained in the following manner : 



d« = d./(*,y,^)= (g) dz+ &j dy+ (g) d«. 



167« Let u^f{psjyy%)\ find dw. 
Let w = (y, «), so that we may put 

Vda?y \d«/ 

But n^ (f>{yy x)j 



.'. du^ |-r-| dtv 4- I -—I dn. 



, dn ^ dn , 
..-. rfn = -—.ay + -— .dar; 
dy dz 

du , dte dn , dw dn 
.-. dw« -j-d<r + ---. ---dy + -_. -—dz. 
ax dn dy dn dz 

^ du dn du 
But -— . — = — , 

dn dy dy 

, du dn du 
and — . — = — ; 
dn dz dz 

du du ^ du ^ 

.'. au = 3— . aa? -I- -— . rfy + -— . rf^ ; 
doD dy dz 
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and the same method may be extended to any number of 
variables ; whence it appears that the differential of a function 
of any number of variables = the sum of the partial differ- 
entials. 



IMPLICIT FUNCTIONS. 

168. When y is an implicit function of a?, it is frequently 
very difficult to solve the equation with respect to y^ and to 
obtain y=f(/xi); but by considering /(a?, y) = to be a 
function of two variables, we may from the preceding ex- 
pansions for such functions obtain rules easy of application. 

We shall first shew that if « = =/(a?, y), du-0. 

Let Ui represent the function when x becomes x + hf and 
sy becomes y + A?; 

\dy] dcody 



(: 



d'u\ A?" , 

3-^ . — + &c. 
d^] 1.2 



+ &c. 

But because t« = 0, whatever the values of x and y may 
be ; therefore also t^^ = ; 

ldu\ ldu\ , ld^u\ A* dfu , , /cPw\ A* 

.-. = -7- A + 



(du\ fdJ'ux hr ^'^ j^j. (dru\ Ar 

\dy) "^ \d^} 1T2 dwdy \d^) Hi * 



\dxj 
But y -\- k is also a function of (of + A), 

dy , (f V A* 
Ap = :~A + -|— + &c. 
dw dor 1.2 

therefore, substituting for A;, 

Ui\ 

A + JBA' + CA^ + &c. 



Kdu\ [du\ dii\ 
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/du\ fdu\ dy 
\dafl \dy) dw 

a theorem by which — - may be found from the partial dif- 

d/v 

/du\ - /du\ 
ferentials -— I and ( -r- 1 . 
\dxj \dyl 

Ex. v'-3a«ri/H-d?* = 0; find-—. 

ax 

Let tt = y^ - 3 awy + a?' ; 

du 

dw 

du , 

dy ^ 

But(aW^).jJ^ = 0; 
\dxl \dy I dx 

dy 
,-. -Say -k-SX^ -k- {Sff -Sax) — ^0\ 

dx 

dy ay — a^ 
dx ff — ax' 

Cor. 1. Since (-^| + (-^ .-? = 0; 

\dxl \dy) dx 

(du\ , {du\ dy . 



ldu\ fdu\ 



Whence du = 0. 

Cor. 2. Hence, since if w = 0, du=zO; ,\ if dt^ = 0, 
d^w = ; and thus if w = 0, d* w = 0. 
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Cor. S. From the equation 



/du\ ldu\ dy 
\dx I \dy I ' dx 



4y 

dy 
may d^u = be found ; for writing p for ^j- , we have 

dx 

and (-— I and |-r-i are functions of x and y; therefore if 
\dx) \dyl "^ 

V be put 

ldu\ /du\ 



(du\ (du\ 



dy 

t? = will be a function of the three variables <r, y, and p ; 
and therefore 

fdv\ /dv\ fdv\ 

d« « = d»« = ^-j dw + (^- j dy + (^-J dp = 0, 

dv df) dy dv dp 
dx dy dx dp dx 

dp d^y 

whence — - = qr = -— ^ may be found ; 
dx dx' 

and if d^u be required, we must put w =/(^> y? />> 7); and 
then we have 

„ dw _ dw , dw , dtiT , 
aa? dy dp dq 

whence —— or --—r may be found. 
dx do^ 

169. Next, let u s be a function of three variables 
^'i Vy ^9 or let « be an implicit function of (x^ y) ; and let 
X'\-m he the value of % when the independent variables, x 
and y, become respectively x + h and y + k; 
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.-. since w, = =/(a? + A, y + Af, « + w), 
But ar 4- w a (a? -H A, y + /p) ; 

therefore, substituting for m, we have 

I Vrfa? / \dsg J da;) [ \ay I \dz J dy] 

whence, since h and k are independent, we have 

ldu\ fdu\ dz 

to) + U)-di=" ^'>' 

ldu\ /du\ dz . ^ 

[d^)^\di)-Ty'' (^>^ 

whence dz ^ --- dw -^ —- dy may be found. 

dx dy 

170. If we wish to obtain the differential coefficients of 
the superior orders, we can find them by differentiating the 
equations 

(du\ /du\ dz 

y-^u)-d^=" ('>' 

/du\ /du\ dz 



/du\ dz . . 



\dy J \dz I dy 

and thus obtain --— , - — -— and -~-r . 

\dw*/ dydw \dy^/ 

We must consider these equations as functions of /r, y, z, 

(du\ fdu\ - (du\ 
— J , (t~) ^^^ (t~) *^^ *^®^ functions of the 

same variables. 
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Let equation (l) be differentiated with respect to a?, it 
must then be considered as a function of os and %j and the 

differentials of — and — , may be derived from (l), by first 

€L*JO (tX 

du ^ , - du * . .XV 

putting -— for tt, and then --— for u in equation (1) ; 
diV dz 

d^u\ d^u d% d^u d% 



do^j doff,d% dw dz.dof dw 

I'd^uX yiz^ fdu\ d^% ^ 
■^ Vd?j ~d^ ^ teJ J^^^' 

/d^u\ d^'u d% ld''u\ d%^ 

\dw^) d% ,dx' doB \dz^ ) da^ 

^(S)-(S)='^ (^>- 

Again, differentiate (2) with respect to y. 

We may obtain the differentials of | -— | and ( --- | from 
^ \dy) \dzj 

(2) by first writing (-j— ) for u^ and then (;t-) for w in (2), 

whence we have 

'd^u\ d^u dz (d^u\ ds? 



fd^u\ d^u dz fd^'ux 

\dy^ J dzdy'H^ \dz^)' 



df 

/du\ /d^z' 
[d^J ' [df 



■^'^^•y^' (^>-' 



Now either differentiate (l) with respect to y, or (2) with 

respect to a? ; and since in the former case -7- becomes -- — -— , 

doff dydw 

and that in the latter —- becomes , and that 



dy dwdy dydx 

d^'z 

-1 — — , the results will be identical. 

dxdy 

Q 
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Let equation (l) be differentiated with respect to (y); and 
to do this put [— I and ( — | for t^ in equation (2), whence 

we have 

d^u d^u dz d'^u dz 



+ 



dw,dy dxdz dy dz.dy d/v 

(d^\ dz^dz ^ ldu\ _d^^o (5) 

Xdz"^) dw dy \dz ) dy.doi 



d^z d^'z , d^z 
From the equations (3), (4), (5), — , J^ ^^^ J^ 

may be found. 

By a similar process may the differentials of the third 
order be found. 
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171. We have seen that if a constant quantity be con- 
nected with the function by the signs ^ , it disappears from the 
differential coefficients. Should however it be multiplied into 
the function or any term of the function, it will still appear in 
the value of the difi^erential coefficient. 

Thus if w = be a function of w and y, involving a con- 
stant a, both u SB and du = will contain a, but between 
these two equations it may be eliminated, and an equation will 
arise independent of a, which is called a diff^erential equation. 

Thus, let y = Oti?* ; 

dy I dy 

.'. -J— = 2oa?, or a = — . — ; 
dw 2,v da 

X dy 

• f/ as - — ^ 

an equation from which (a) has disappeared. 
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By difFereDtiation also irrational and transcendental quan- 
tities may be eliminated. 

m 

Thus, let y = (o* + ary ; 



1 mm 



dx n n {c? + a?*) » (a* + ^) 

If there be two constants as a and 6 involved in the 
equation y ^f{ai)^ then to eliminate them, the equations u = 0, 
du^O and d^u = o must be combined. 

Ex. 1. Let M = y — o/r* — 6«i? = 0, 

or y = ffciT* + hoc ; 

d^y 

o^ dx^ 

af^ d^y dy „ d^y 

.'. y ^-0?-^ + ^^ — ^ = 0; 

2 da?'* da? da^ 



d^y 2 dy 2y 



Ex. 2. Let y ^ a cos ma? + 6 * sin ma? eliminate a 
and 5. 

•-^ = — ma sm mw + mo cos ma?, 
dx 

-—-= — mra cos ma? — fnrh sm ma? 
dar 

Q 2 
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— w? \a COS mx + h sin mx\ 



= - w»*^y ; 



^'y . ^. 



dcx^ 



+ my - 0. 



Ex. 3. Let y = ae*' sin (S.v + 6) eliminate a and h. 

dy 

-^ = 2ac*' sin (S.v + 6) + 3ae^' cos {Sx + 6) 

o.r 

= 2y 4- 3y cot (3^ + 6), 

— ^= 4ac*' sin (3.a? + 6) + 6ae*' cos (S.17 + h) 
dor 

+ 6ac^' cos (3.2? + 6) — 9ae^'' sin (S.r + 6) 
= - 5y 4- 12y cot (Sa? + 6) 

= -5y -f 4- 8y; 

c^^v dy 
.-. — ^-4-^+ 13y = 0. 
oar ail? 

172. Again, if u =/(^y«) = 0, or i^r =/C^y)- 

We may by means of the partial differential coefficients 

— — and -— eliminate two constants from s?=/(^y), and by 
dy dx -^ ^ ^^ ^ 

proceeding to the second differential, we have three other equa- 

d^x d^x d^z 

tions for -—- - — — and --- , and therefore five constants 
dor dydx dff 

may be eliminated : and not only .constants, but indeterminate 
functions. 

Ex. 1. Let ar =/(ad7 + 6y); eliminate the arbitrary 
function. 

Let {ax + by) = v ; 
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d% d% dv 

But ^ =/'(«), andg = a; 
dz 

. dz dz dv w , V ^ 
ay at? ay 

and a.—- — ab.f^ («) ; 

, djir dz 

.*. 6- flt-— = 0. 

diV dy 

As an example. Let z = sin (aj? + hy) ; 

.'. -— = a cos {ax + by)j 
doc 

dz 
and --- = h cos (aa? + 6y) ; 

dz dz 

,\ 0- a-—- s= 0,^ 

dw dy 

and similarly if z = (ax -h hyy^ or z ^ log (ao? + 6y), the 
diiFerential equation will be verified. 

Ex. 2. Let z^(x + yY <f> ip^ - y^) ; eliminate the func- 
tion. 

dz 

— = w . (a? + y)«-i A (^ - y*) + 2 (a? 4- y)"* (t> (.r" - y') • ^ ... (l), 
dx 

dz 

— = m.(a; + y)«-^<^(a^.yO-2(^ + yr0'Or^-yO.y... (2). 
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Multiply (1) by (y), and (2) by Wy and add; 

dz dz 
.-. y — + ^ — = w (a? + y)*" ^ (of* - y^) = mzy 



or py + qjff ^ mz. 



z faf\ 
Ex. 3. Let -=/i-| eliminate the function. 



% 



'l^O-- 



do? a?^'' Vy/ ci7y •' Vy/ 

^= -7/'(-)' 

dy r Vy/ 

or ;) + - = — ./ - , 
at wy Vy / 

p(B + z y 

.'. ^ — ; 

.-. |>a? + gy + jjT = 0. 

Ex. 4. Let X =f(y -^ ax) -{- <f}(y — aw) eliminate the 
arbitrary functions. 

— = a.fiy + aos) - a^' (y - aa?), 



EXAMPLES. 

Differentiating a second time, 

:74 = /" (y + «^) + 0" (y - ^^) 



247 



rf'^ - d^% ^ 



This equation occurs in some investigations in Natural 
Philosophy. 



CHAPTER XV. 



MAXIMA AND MINIMA OF FUNCTIONS OF TWO VARIABLES. 

LAGBANGE^S THEOREM. 



173. If u =/(^, y) be an equation between the function 
Uj and the two independent variables, a? and y^ there may 
be some particular value of w^ and also a value of y, which 
will make the function greater or less than the values which 
immediately precede or follow it. It is then a maximum or 
minimum. We proceed to find the relation between the 
differential coefHcients, when this circumstance takes place. 

174. Let Ui be the value of w, when x + h and y + ky are 

written for w and y respectively ; and Wg ^be value of u when 

(a? - h) and {y — A;) are substituted for the same quantities. 

d^u d^u d^u 

Also put J for — — , B for , and C for -r^- Then 

dar dydtV d'lf 

du du ^ , _ 

u,=^u + — h-\- — A; + i{^A^ + 2flAA; + CAr'} + &c. 

dtp ^y 



(du , du 

\doD ay 



and Uy^u •- ( -7- h + 



k\+\ \Ah^ + 2Bhk + C1^\ - &c. 



Now since the values of h and k may be assumed so small 

that, (as lone as the differential coefficients —— and •-— remain 
^ ^ do) dy 

finite) the algebraical sign of Ui — u and u, — u will depend 
upon that of the term 



du du \ 
,dw dy / * 
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it is manifest, that if this term exist, u^ ^ u and u^ — u cannot 
be both positive or both negative, or there cannot be a min- 
imum or maximum of u. 

Therefore at a maximum or minimum -— h h k must 

aw dy 

s 0. A condition which can only be fulfilled by making 

du . du 

-~ = 0, and — = 0. 
dw dy 

Therefore at a maximum or minimum, 



u 



1 - w « ^ {Ah^ + 2 Bhk + Cl^) + &c. 

= f J + 2flw + CnH + &c. 

1.2 ^ ^ 

by putting k ^nh. 

Therefore the sign of u^ — w, and also of u^ — w, will . 
depend upon that of the coefficient of — , that is, upon 

J + 2flw + Cn^. 

Hence, this term must not change its sign whatever be the 
value of n ; which it will not do, if it can be put under the 
form of the sura of two squares, as (jv + a)^ + j3^. 

Now A -^2Bn + Cn« c= 1 {CA + 2 BCn + C^w^} 



= i{c^-^ + c'(f + »)]. 



which will be of the requisite form, if CA be not less than 
B^ : or to have a maximum or minimum of a function of two 

variables, we must first have ^— = and —-- = ; and second- 

dx dy 

, dl'u d?u , , ( d^uV 

ly, j-T, X — - not less than -j-— . 
dx^ dy^ \dydxj 
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cPu iPu 

It is obvious that -r-T- and -—-r must have the same siffn ; 

da? di^ ^ 

and if they be both negative, z^ is a maximum, if positive, 

t^ is a minimum. 

If the second differential coefficient of u become = 0, when 
the first does, there will not be a maximum or minimum, 
unless the third diiferential coefficient vanishes, and the fourth 
neither vanishes nor changes its sign whatever be the value 
of n. 

Ex. 1. Let w = a?^ + y^ - 3 awy^ 

du - a? 

— - = Sar-3ay = 0; .-. y = — , 
diV a 

du 

-~ = 3y* - 3a«r = 0; 

dy 

or 

therefore a? = 0, and a?^ - a^ = ; whence a? = a, the other two 
roots are impossible, 

a^ a- 
and « = —=—=«, or =0. 
a a 

.. d^u ^ d^u , d^u 

Also 33= oa?, :;-r = 6y, and— -— =-3a. 
dar dff dydx 

If 07 = 0, -4 = 0, C = 0, and B= - 3 a. 
If 0? = a, .4 = 6a, C^Qa^ B^—Sa^ 

AC = se a\ and J?* = 9 a\ 
and X — a gives a minimum, 

and t^ = — a^, 
.!• = gives neither a maximum nor minimum. 

Ex. 2. w = oT^y^ (a - a? - y), find the values of w and y 
that w may be a maximum or minimum. 
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du 

— = 3a?*y* (a - ^ - y) - oTf = 0, 

du 

— = 2a?^y (a - a? - y) - a^y^ = ; 

.-. 3 (a - a? - y) =s 0?, 
2(a-ar-y) =3^; 

.". 3a — 3a? — 2a?=d?, or 0? = -, 

2 

a 
^a-Sy "Qy^y, or y = -; 

3 

a a a 

^ 2 3 6 

,T = ^ = oa?y*(a-a?-y)-6a?*^ = 6^-. — .-; .— >= , 

da^ l2 9 6 4 9/ 9 

^w ^ ,, . • , K « a^ a] a* 

TT=C=2a?3(a-.i?-y)-4<r^y=2{-.--2.-.->= , 

df ^ ^^ ^ \S 6 s 3J b' 

dofdy ^^ ^^ ^ ^ 12 12 12 12 

8 8 

..-. ^C-— , and 5^ = — ; 

72 144 

therefore AC is > B*^, and ^ is negative, 

and w= — X — x-s: — is a maximum. 
8 9 6 432 

Ex. 3. t^ = (a? + 1) . (y + 1) . (^ + 1), where a'feJ'c' = J ; 
.-. a? h. 1. fl + y h. 1. 6 + « h. 1. c = h. 1. A» 

^j du . ^ i . . d%] 

Now —- = (y + 1) . {;» + 1 + (<J7 + 1) . -J-} = 0, 
aa? (^ aw) 

du ^ . i , ^ c^^] 

- = («.+ !). |.+ l + (y+l).-|=0, 

d« h. 1. a d^ h. 1. b 

and -— = - r— — 5 and -- = - -r-^r— ; 
dw h. 1. c ay h. 1. c 
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, h. 1. a 
/. 5? + 1 - (a? +1) . --— — = 0, 

h. 1. c 

or (z + 1) h. 1. c = (a? + 1) h. 1. a, and .*. c'+^ = a*+^ 

A 1 ^ . h. 1. 6 

Also 5f + 1 - (y + 1) . r-7— = ; 

n. i. c 

and .-. 0*+^ = fey+^ = fl'+^ 

A 1 ' • ^ h. 1. a , ^ h. 1. 6 

Also ••• 5f + 1 = (cr + 1) . ^ ^ = (y + 1) 



^ = 



h. 1. c 



(jx H- 1) h. L a — log c 



h. 1. c ' 



logc 



(<2?-f 1) h. 1. a -h. 1. 6 
log 6 

.\ a? log a-k-^af-^ 1) log a - log 6 + (a? + 1) log a - log e = log -4 ; 

.-. Sa? log a + 2 log a — log 6c = log A ; 

log^fec — Slogo 



X = 



.'. (cl? + I) = 



3 log (a) 
log ^6c + log a log {Ahca) 



3 log a 



3 log a 



y 



^^^log(J6ea)^ ^^^^_^^^log(J6ea)^ 



t* = 



3 log 6 

(log Jftca)^ 
log {ahcy 



3 logc 



Ex. 4. In a circle of given 
radius, inscribe the greatest tri- 
angle. 

R the radius. 

a, 6, c the sides. 

BCxAD 



u = 



= maximum, 
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and 2R X AD = AB . AC, (Euclid, Book vi. Prop, c.) 
or 2 Re sin 9 ^ cb, 

or 6 = 2 i? sin ; 

, sin :r, . , 

.-. c = b. - — ^ = 2 ic sin <p, 
sin0 ' 

a = 2 U sin ^ = 2 i? sin (0 H- 0). 

BC.AD a. be „, . /. . . . ^ . /.x 
But u = = — — = 2i?^ sm sin d) sin (0 + 0) = max. 

2 4a 

.-. T^^ = 2fi* jcosd.sin (0 + 0) + sin 0.cos (0 + 0)} sin0= 0, 

du 
and -rr = 2iP {cos0.sin(0 + 0) + sin 0.cos(0 + 0)} sin = 0; 

.'. sin (0 + 2 d) = = sin tt, 
and sin (0 + 2 0) = = sin gr ; 
.-. + 20 = gr, 
and + 2 = TT ; 

.-. 0-0 = 0, or = 0; 
.-. 30 = TT, and e^GOP, 
and j< = TT - 2 = 60^ 
and the triangle is equiangular; 

and « = 2if*.sin'60 = iP.^i^. 

4 

Ex. 5. Inscribe the greatest parallelopipedon within a 
given ellipsoid. 

Let 2^, 2y, 2% be the edges, 

2a, 26, 2c the principal diameters of the ellipsoid; 
.*. u = Sa^yz is a maximum. 

But :j + "7 + 15 = 1 ' 

c* or b^ 
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du d% 

aoe ax 

du dx 

dy " dy 

dz w c" dz y 0^ 
out ;t- = - - • -^ 5 and -~ = - - . — „ » 

c^ & , y* c^ 

.•. z . — =: 0, and z = o ; 

z c^ z t? 



x^ a^ flf* y* 



3^p* , a 

s= 1 , and a? = 



• • 



«* -' ^/i' 






6 



fc» 3' •-.' ^. 



z^ c 

and -7 = -i; .'. «=— 7=, 

8 abc 
and ^f = - 



3 v^s* 



LAGRANGE'S THEOREM. 

175. Let u =/(y), where y ^ z + x^ (y), and z is in- 
dependent of a; ; required «* or /(y) in terms of d?. 

By Maclaurin, 

w= Z7o+ ^itr + ^2 + Us + &c. + + &c. 

1.2 '2.3 l,2.3...n 
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^' du (Pu 



where Uq^ Z7,, U29 &c. are the values of, — - , 

0<2? 

when a? = 0. 

First, if 0?= 0, y = ijf ; .•. Z/q =/(»). 

Now -_ = -—.— , and — = — - . — . 
aof ay ax ass ay a% 



d<r* dx^ 



, &c. ; 



Butlj = ..<^'(j,).g + 0(y), where 0V = ^; 



dy 



' ' dx 1 —x(p! {y) * 



dy 



-y w, X ^y ^y 1 

daf ^ ^ d% d% 1 - x<p {y) 

dy .r\^y 
••d^ = ^(^>d^^ 

dt^ dt^ ^ ^ dy ^ ^ du dy 

da? di/ ^ d« ^ • dv dar 



= <^(y) 



dt^ 
d^ 



Make a? = 0; .-. (7, = M . , 

'^ ds? 

Next, let (y) :r = TT" ' 
^ diT dsf 



d2^ 
dx 



dui 
dar ' 




d^ 
d^ 



cPt^i d^t*i 



d 



(sr ^-{^wa} 



dxdx dzdx 



d% 



dz 



d 



•{f*Cv)!-.g} 



diS 



f7,= 



4{««)-.^} 



d^ 
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And so may fZj be found, but to find U„ 



assume 









d"w d"M«-i 



a"w»_i \ aw I 



d.r" dw.dz^^^ dz^'^dw ds^ 



d- 



'■{«*«! ■'-^} 



d^ 



,n-l 



"■"•{!*<»»••£} 



daf« 



-1 






d»"-' 

Hence if the assumption be true for (n — 1), it is true 

for n ; and it is true for n = 1 and n = 2 ; therefore it is uni- 

11 1 • • r^ i« d .y (z) 
versally true, and writing Z for — , we have 

d»' '2.3 ■ d«"-' 'l.2.3,« 

+ &c (1), 

which is the theorem required. 
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Cor. I{ f{y) ^ y or y he required, then 
/(«?) = «r, and Z = ^^^«l; 

^^^ 

Ex. 1. y* - ay + 6 = 0; find y or the root of the cubic 
equation^ 

Here y = - 4- - . j/*, comparing this with y = » 4- ^0 (y)> 
a a '^ 

and taking series (2), 

ax dsr 

a«r 

.-. y « «f + ir. - + 6 . sf\ -I- 8 . 9«'. 



1 1 .2 2.3 

10.11.12 o 4 « 

+ .. jjT . a?* + &C. 

2.3.4 
--{H--^ + 3.--H- 12 - + 55.— - + &C.}. 

Ex. 2. In the same example find y". 

Here Z = wsr""', (i^) = «^ and using series (l) ; 

.'. 0(jr).Z = war»+^ 

R 
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{0 



(«)}»Z = ».«•+"; .-. ^^^^^ = n.(n+8).(«+7).«*+'; 



dz' 



* 1 1.2 

«.(n + 8).(n + 7)^,,^ ^^. 

1.2. S 
6* 5* 1 « (n + 5) 6* 1 

n.(nH-8)(n + 7) ^ 1 . > 
1.2.3 a* a' ^ 



Ex. 3. Find log y, when 1 - y -i- aS' « 0, 

y =s 1 -I- o^, and u = log y ; 

■.««!, ^ = 1, ^(y) = a^, /(«f) = log«; .-. Z = -; 

••• /(«) = log (1) - 0, 

<b (») . Z = o'. - = o, 



dk<b(x)V.Z .,!«'' . , , 

... tyv M »2^.o«". r-=2.4a*-a*, »=!, 

or ■ X XT 

and {^(«)p.Z»a'".i. 

d.{0(r)}»Z 1 ^' 
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« 9 AW - 6Aa^ + 2oS » = l, 

.\ log y « « + (2il - 1) + (9^ - 6J + 2) + &c 

1.2 1.2*3 

Ex. 4. Let y a m + e sin 2^, find {y). 
Comparing this with y^z^ ^^(yh 

si ±=my w ^e^ <t>{y) «= sin y, QXiAf{z) « «f. 

Here z = -^^^^ = i ; 
ax 

^ ^ 1 d% 1.2 (/;»* 2.3 

0(i2r) s sin jir s sin m if ^ s ; 
.'. {0(«)p= sin* a?; 

{d0(*)}* .... 

••. -^— ^1 — ^ » 2 sm iy . cos 4r s= sm 2is » sin 2m if * = 0, 
dx 

{^(«)}^« sin'«; 
... -L_x — 1^ s! 3 sm* jir cos «f, 

as 6 sin j? cos* «f — 3 sin' « 
* 6 sin « — 9 sirf X 
= ^ (3 sin 3ijf — sin «), 
(putting for sin' » = ^ sin «? — j^ sin 3 ^ ;) 

.'. y - m + sin w . - + sin 2m . h 5 (3 sin Sm - sin m) 

1 1*2 ^^ ^2.3 

+ &c. 

K 2 



260 EQUATION TO A CURVE 

176. To determine the curve which touches any number 
of curves of a given form, and described after a given law. 

For the better explanation of this application of the Differ- 
ential Calculus to curves, let us take a particular case, and 
suppose it were required to find the equation to the curve, 
that shall touch any number of circles, having a constant 
radius (r), but the centres of which are placed in a curve 
whose equation is known. 

Then if y and x be the co-ordinates of the touching curve, 
a and /3 the co-ordinates of the centre of one of the circles 

But /3 laid a are the co-ordinates of the curve in which 
the centres of the circles are found; therefore /3 is a known 
function of (a), or ^^ (f>(a); 

.: {y-0(«)}» + (*-a)« = r» (l.) 

Now if we suppose (a) to receive an infinitely small 
increment, the equation (1) will belong to an equal circle, 
the centre of which is infinitely near to that denoted by 
equation (l), and the two circles will intersect at a point 
of which the co-ordiilates are ultimately w and y; and simi- 
larly proceeding with a third and other circles we may con- 
ceive the touching curve to be formed by the continual inter- 
sections of these circles. 

And to determine its equation, which must be independent 
of a, a must be eliminated between the equations {y —(p (a) }* 
+ (a? - aY = r", and the equation which indicates that we 
have passed from the consideration of one circle to the other, 
that is, the differential of the equation (l), taken with respect 
to (o). 

Hence We may conclude, that if V ^f{wya) = represent 
the equation of one of the given curves, the touching curve 
may be found by eliminating (a) between the equations 

dV 

F = 0, and -— = 0. 
da 



TOUCHING GIVEN CUBVES. 



261 



dV 
That V ^ Oy and -— » 0, are simultaneous equations, 

da 

may be thus shewn. Resuming the equation to the circle, 

Let a + So, and /3 -f ^/3 be the values of a and )3 in the 
consecutive circle; 

therefore by subtraction, 

or Sa {2 • (^ -o) - Sa} + 5)3 {2 . (y - /3) - 5/3} « 0, 

5fl 5/3 

or 2 (a? - a) + 2 . (y - /3) ^ - {5/3 y- + 5a} = 0. 

Now make 5a . 0, and 5/3 = 0, in which case the point 
of intersection of the two circles becomes a point in the touch- 

5/3 

ing curve, and -^ becomes the differential coefficient of /3 

oa 

with respect to (a); 

5/3 

.-. 2 (a? - a) 4- 2 (y - /3) -ST- = 0, which is the differential co- 

oa 

efficient of (a? - a)* + (y — /3)* = r* with respect to (a), be- 
tween which two equations (a) may be eliminated. 

Prob. I. Find the equation to the curve which shall 
touch all the straight lines defined by the equation 

where r is a perpendicular of constant length from the origin 
upon the lines. 

Differentiating with respect to (a), a? and y being constant, 

r^ r \/c? + 1 

CO + / a ' =0; .-. - = ; 

V a'* -f 1 tt? n 
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1 r* 



a* .r* 



r* - ,r 



^ ' 



X 



.'. a = 



vr*- ^ ' 



\ 



and >/a* +1=5 — a- = -^ — / ^ '> 



.'. y ^ aw '\- f^ €? + 1 



^ 



T" 



r^-ci?* 



\/r* - ^r'* \/r* - a'* y/t^ -0^ 



== -• \/r* - a?^ ; 



.'. y^ + 0?^ = r*, the equation to a circle. 



Pbob. II. A straight line of given length slides down 
I between two rectangular ai^es, find the curve to which it is 
always a tangent. 

Let e be the length of the line, 

a and h the co-ordinates of its extremities, or the parts 
df the axes cut off in any given position of the line; 



.*. - -♦- -T = 1, and a* + fr* = c^ ; 
a h 



• L f O 

a^ h da 

, ^ db db a 

and a + 6— = 0, »'• t" ~ * r^ 
da da b 



a^ ya _ , 

or b^ 



30 



s s 






p 
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1 
a? 



-^ VTv 



V 



*■+ ^ * ^ jf^- i - 



«* icy^^r^ 



and 6 «c-7== ; t . ^/ >»• . 






a 6 c ^ * 

fl fl t 

and ^' + y'= c*. 






Cor. If the equation of condition be a" + 6" s c", then 
the equation to the touching curve will be r- . a 



NUN 



Pbob. III. Find the curve which touches all the ellipses 
described round the same centre and with coincident axes, 
the rectangle of the axes being a constant area. 

^'''a^^V^-' <^)- 

ab = w*=! the constant area (2.) 

Differentiating, a variable and b=f(a)^ x /^\^ 

w^ f/" db ^ ^ ^ a' JTL 

db 
b + 0-— = from (2), , i ^. ^ ^^ 
da ^ ^ j^ 

db b a'- ii^ 

• ^.^__ •— ^ • 
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,1^ y^ b y^ a^ 

fT ¥ a h^ or 



b- a- y and ab = tn^ = a^- ; 



9 n "^ 



6rt o jf 



a^ 6* m '^ ' 






^ 2 



the equation to the rectangular hyperbola. 

There are many other questions of this nature, but they 
seldom have greater analytical difficulties than those met with 
in the preceding problems. 



THE 



INTEGRAL CALCULUS. 



CHAPTER I. 

1. The Integral Calculus is the inverse of the Differ- 
ential, its object being to discover the original function from 
a given relation between the differential coefficients and func- 
tions of X and u. 

In this treatise, we shall solely confine ourselves to the 

case in which the first differential coefficient — is an ea^plicii 

function of a?, as 0'(^)> and (u) = (of) is required. 

2. The process by which u is found from — is called 

(tiV 

integration^ and when to be performed is expressed by pre- 
fixing the symbol f^. 

Thus if ~^d> (0?), 

Ocl? 

w = ji . (a?) + C. 

The letter C, representing a constant quantity, is added, 
since constant quantities connected with the original function 
by the signs ^ disappear in differentiation: and therefore, 
when we return to the original value u^ an arbitrary quan- 
tity as C must be added, the value of which will be determined 
by the nature of the Problem. 

3. The simplest case is when ^ = «..-, a monomial. 
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Let u = Aaf^ •\- C\ 
du 

dCB 

.*. a^nA^ and w = n-l; /. n ~ (m + 1), 
and -4 = — = 



n m+ 1 ' 

. W-H 1 

or to integrate a monomial, add unity to the indejPj and 
divide by the index so increasedf and add a constant. 

du a 

Cde. 1. Thus also if --— = aa?"" = — , 

dof a?"* 

u = —--IT-; -^ ^> 

m — 1 0?""^ 

which is derived from the preceding by writing — m for m. 
CoR. 2. The general formula fails when ins . i, for then 

u = + C - - + C. 

1-1 

T» . -i. du a 4 

But if«i=-l, —- = -=0.-. 

dx X X 

X dx X dx 



and 



.'. a* / - = a.logo? + C; 



however, the true vidue of -— may be derived fronj the 

dx 

general expression, if C be first determined. 
For, suppose w = when x ^ b\ 

... 0= + C, or.C= ; 

m -\- 1 m -f- 1 
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.•• tt =s a . , a fraction of the form ■- 

m-H 1 

when m = - 1, and of which the real value is 

a h. 1. -- a a h. I. ^ - a h. 1. 6 B a h. L ^ -h C ; 
h 

the same value as that which has been just obtained by a differ- 
ent process. 

4. Since if w = log {/(a?)} = log (p), where p ^f{ai)^ 

dp 
du dx 
dx p 

••• X T? = log (P) + C. 

Hence, if we have a fractional expression, such that the 
numerator is the differential coefficient of the denominator, 
the integral is the logarithm of the denominator. 



du w ^ 2af 

doe 



Ex.l. Let:;r=__=^.__; 



.•. f« s -^ . h. 1. (l + ^) = h. 1. \/l + a^. 

_ ^ du 2^-1 
Ex. 2. Let -— = ; 

da? jr - 0? + 1 

.*. tt a= h. 1. (d?^ - J? + l). 

5. Again, since 

dp dq dr d on 

doe dx doB dx 



J» [diV dx dtV J Jg dx 



+ r -f &c.) 



= p + 7 -}- r + &c. 
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or the integral of the sum of any number of differential 
coefficients a sum of the integrals of each differential coefficient 
taken separately. 

du 
Ex. Let — = Ajb^ + Ba^ + Cx^ + &c. ; 
dw 

.-. tt = Af^aT-k- B j^af-^ Cf,w^+ &c. 
ABC 



m+l »+l p+1 

^ ^ df* dp 

6. Ii 3— = p** • 3— J where p is a function of a?, find «. 

Since if wcp""^* + C, . 

d« X . dp 

- = (m+l)p-._; 

dj? m+l 

or to integrate a function of this description, increase the 
index by unity, divide by the index so increased, and by the 
differential coefficient under the index. 



EXAMPLES OF SIMPLE INTEGRATION. 



du aa^ 

(1) Let -r- = «^; .'. u^ — . 
^ ^ do? 4 

^ du a , a.r"* a 

(2) Let :^ = :^ = a«j?"'* ; .'. w = = — 

d*v Jr — 1 tf 

du . - « ^!^" 

(3) Let -— = oa?" ; ,\ u ,aw "^ . 

' ddff »» -f n . 

(4) Let --- = (ao?" + fe)'"cr''-*. 

diT 
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Let p = ao?" + 6; 

dp 
dof 






1 - dp 

na 



1 . dp p"+» 



na "^ dos na. (m + 1) 

na. (fii + 1) ' 

, ^ du ^ ,. (fl^a? + fcr+' 

(5) 3- = {ax + fc)" ; • • ^ = 7 — hr • 

d<r a . (m + 1) 

(6) -— = (aa;* + 6)* . a?'', (w) being a whole number. 
dx 

Expand (aaf^ + 6)"* by the binomial, and after having mul- 
tiplied each term by x^^ integrate them separately. 

du af^ 

(7) •3— = 7 r-T- , (m) and (n) being whole numbers. 

dx (a -t- 6^)* 

iir — a 
Let a -^hx^zx .*. a?aa — - — ; 



a?" {« - a)* 



(a + 6j?)« fc'".^" 

du d?/ di^ df« 

and :j- = 3r • 3~ = 3- • 6j 
do? di^ do? d^ 



du 1 du 1 (jir - a) 
or 



dx b' dx 6*+* ' x^ 

(% - a)"" 



,\ u = - — 1 . / ^^ 



Expand (x - a)*" by the binomial, and integrate each term 
separately, first dividing by z". 
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(8) -7- a — ; —-- , (m) and (n) being integers. 

^ 1 dar 1 

For a? put -; .. ^t----i» 

. du du ,^ i8f"+* 
and -—-=--—. ;r = 



da? dar * («;» + by ' 

+«-2 



> 



^, (air + 6) 
which resolves itself into the preceding case. 

du I \ I 



(9) 



dx a-k-ha^ a b ^ 

1 +- jr. 
a 



Let ar = . ar; .•. «f = \/ - . J?, and -r- = V - ; 
a 'a d*i? a 



du du dz du 



-A-'-. 



dx dx dx dz a a'l4-«*' 



or 



y/abJ* I + »** 



•r. •• , d« 

But if « a tan~*«f, 



Ex. 



d» 1 + iir? ' 

.'. « =— ==. tan"*ar =— p=j.tan-*a? >v/— . 
Va6 Vaft a' 

du 1 ,1 /g 



dw 1 

(10) -— s= ; .•. u = h. 1. (a + x). 

ax a -^ X 

du x^ J 

(11) 3- = , — :j; .: u = Ih.l 1 + ar^ = hi ^yrr 



a^. 
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(12) -— =s(a+6a?+car*)"'.(o+2ca?); .-.u-- . 

Integrate by the preceding methods the differential cck 

efficients 

5 
(1) aa^. (2) aa^ + baP + cw^. (3) (oa?^ + 6)*. ar^ 

(7) 7-^- <«)- ' 



1 + 5a^ a?* (a + 6a?) 

7* These simple integrals being found, it will be con- 
venient to classify the remaining functions in the following 
order. 

(1) Rational fractions of the form 

AoT'^ + fi<r» + C^ + &c. 
Aiw"^ + JBia?*! + CiiB^' + &c. 

(2) Irrational quantities. 

(3) Exponential and logarithmic functions which are 
of the forms 

a'/(«')> log (a?), log(p),p«log(9). 

(4) Circular functions which are of the form 

sin pf /(sin p)j &c. 

The methods for the integration of such functions will 
be given in the four succeeding Chapters. 



CHAPTER 11. 



RATIOKAL FRACTIONS. 

8. Every rational fraction may be represented by 

^0?"-* + Bo?*-* + CoT-^ + &c. 

for it is manifest that the index of x in the numerator can by 
division be made less by unity at least, than that of x in the 
denominator. 

To integrate this fraction we must first separate it into 
fractions of a more simple form. 

Now the denominator may be composed 1st of simple 
factors all difierent. 2d. Some of the factors may be equal. 
3rd. It may contain quadratic factors, the roots of which are 
im}X)S8ible. 4th. It may be an assemblage of all these. 

9. We shall first consider the case where the factors are 
all different. 

Let therefore -- be a fraction where V is the product of 
(n) factors all different, so that 

F = (<r - ttj) (<r - Og) (^ - 03) ... (j? - a.). 

. U A^ A2 As ^ A^ 

Assume ~ = ^ + 1- ■- + &c. -f 



V (cv-fl,) (^-aj CT-03) ' {p-ay 
+ &c. + -rf„. (a? — ©i) (x — 02) ••• («*? — ^n-\) 



RATIONAL FRACTIONS. 273 

Successively make a?= a,, Cgj «8» &c. ; and let U^ , (7^^, 
f/^Os, &c. be the corresponding values of U\ 

.'. U^^ = Ai («! - Oj,) («! - Os) ... (oi - a,), 

«7. 



or J, « 



(«! - «») («I - Os) 



f^^ f^- 



Similarly, A^^ ^ . — -— — , and A^- z Z7^ ; — j 

/"(f) =^» f—^+A, f—^^A, T— ^ + &c. 

a» -ij h. 1. (a? - tti) + ^2 h- !• (^ - ^2) + -^3 . h' 1' (^ - «3) + &c. 
= h. 1. (a? - tti)"** (j? - ag)"** (a? - 03)'*3 ... (a? - o,,)"*-. 

10. Let some of the roots be equal, viz. (m) of them^^a, 
or let {x — o)" be a factor of F. 

Let V^ix-aYQ. 

U A B C ^ P 

Assume — = + 7 — -: + 7 ^r-i + &c. + ~ ; 

V (a? -a)" (af-a)"^ (a? -a)""* Q 

.-. Cr= JQ+ {J?.(a?-a) + C.(a?-o)*+ &c.} Q+ P(^- o)". 
Let a? = o, and let f/^, Q^ be the values of U and Q ; 
.-. U, = JQ,, and J ~^; 

..U-^.Q^(a>- a) {[B + Cix- a)+ D{x- af + &c.] 

Q + PC^-a)*"-'}. 

Hence, as the right-hand side of the equation is divisible 
by (x - a), the left-hand side is also, let the division be 
effected, and let U^ be the quotient ; 

.*. V^ {J5+ C.(^-a) + 2>(.l?-aV+&c.}Q + P.(a?-a)•"-^ 

S 
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Again, make ^ = a, and we have B = — ^, and proceed- 

ing in the same manner we at length arrive at P, which 
is either constant, or a function of ^ ; if the latter, the case 
is reduced to that of the preceding article. 

To illustrate these methods, we will take two examples^. 

du a?* - 7^ + 1 

(1) ntegrate ^^ = ——————-, 

The denominator is = (j? - 1) (a? - 2) (47 - 3). 

a?*-7ar+l A B C 

Let — -r-z :; = + + 



or* - 6a?* + 11a? — 6 a?-l a? — 2 a?-3 

.-. a?*-7^+l = J (a?-2)(a?-3) + jB(a?-l) (a?-S)+C (a?-l)(a?-2). 

5 
Leta?=l; .•.l-7+l = -5 = ^(l-2)(l-S) = 2j; .-.J*--. 

a?=2; .•.4-14+l=:-9 = -B(2-l)(2-S)=-fi; .-.5 = 9, 
a? = S; .•.9-21 + l«-ll=C(3-l)(S-2)«:2C; .'.C^ , 

rU 5 r I r 1 11 /• 1 

5 11 

= - - h. 1. (a? - 1) + 9 h. 1. (a? - 2) h. 1. (x - 3) 

2 2 

s n. 1. y , * » == . 

\/ («-!)*(« -8)" • 

(2) Integrate -^ ^^^^^^^^^^, . 

2a? -5 A B P 

, Let -; --7 =s + 1- 



{x + 3) (a? + 1)* (a? + 1)* a? + 1 x -^ S 
.-. 2a? - 5 = -4 . (a? + 3) + if (a? + 1) (a? + 3) + P . (07 + I)*. 

* In these and the foUowing examples the constant will be omitted. 
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7 
Let^«-1; .-. -? = -<< (3- 1) =2J; .-.-4=--; 

2 

7 
.-. 2« - 5 + - (a? + 3) = B (j? + 1) (^ + 3) + P (a? + 1)* ; 

110?+ 11 11 ^ ^ ^ , ^ r . ^r 

, or — (j? + 1) = 5 (a? + 1) (a? + 3) + P(a? + 1)*; 

2 2 

.-. —« B(«P + 3) + P(ar+ 1). 
2 

Let(/r + l)«0; .-. — =2B; .-. B=— , 

11 « « 11 

2 4 

/•f^ 7 r 1 11 /• 1 11 r 1 

' J»V^ 2^, (a? + 1)* 4 X 0? + 1 ^ 4 X a? + 3 

7 1 11 , , 11 1. 1 , 
« - . + — h. 1. J? + 1 h. 1. (07 + 3) 

207+14 4 



2 a? + 1 4 Va? + 3/ 



11. Next, let F contain quadratic factors having impos- 
sible roots. 

(l) Let V contain two impossible roots only, and let 

(o? - a)* + )3* be the quadratic factor ; 

.-. F=Q.{(o?-ay+/3«}. 

U Mw^N P 

Assume .*. -- = + — ; 

V (o?-ay + /3^^Q' 

.-. l7-(ifo7 + iVr)Q + P{(^-ay + 3'}. 

Put 0? = a + /S-x/^; .-. {w - of + /3' = 0. 



Then (7 becomes U^ + (7, v - l> ^"^^ Q becomes Qi + Q2 v - !• 

s 2 
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Substituting and making the sum of the possible quan- 
tities = 0, and also the coefficient of -x/- 1, = 0, ilf and N 
may be found. 

Or if P be first found, subtract P \{a; -of + /3*} from 
each side of the equation; 

Divide both sides by Q, and then 

Mob + JV = ^-^ — - — ^-^ is known ; 

Q 

fU ^r Mof + N rP 

du Mob + N 

To integrate -- = — - , let a? - a = a? ; 

doB {pO" ay + ^ 

du du Mz + Ma + N 

da? d« «* + j8* 

_ Mz Ma + JV 

JIfa + JV 



= JIf h. 1. vV^^FTji + ^^^ tan- (fZ^) 

^_ du MoB-^N 

Cob. Ifa = 0, or-=^-^. 

w = ilf h. 1. y/x^ + ^'^ "*" /T ^•""^ 75 • 
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Ex. 1. Let 



Let 



dx cfi-k-l (a? + l)(a?* - ^+ l) 
Of -3 A Mae + N 



a?^ + 1 «a? 4- 1 (a?* - c«? + 1) ' 

4 
^= - 1 ; .-. - 4 ==3-4, or J= --; 

3 

o */_« ,x 4a?^-.a?-5 (4a? - 5) (^p + 1) 

3^ ' 3 3 

= (.» + 1) (Jf 0? + N) ; 
4a? — 5 



/r ti?^ + 1 " i X ^Tl ^ 3 Xa?*-a? + l ' 



m • . ^ dtt ^0/ - 5 iiOf - 5 

lo integrate 



d«r a?*-a?+l / 1\* 3 

+ - 
4 



(-i) 



^ 1 

Liet 07 = ^ ; .-. 4or - 5 ss 4j2r - 3 ; 

2 ' 



4«^3 , - 5? ^1 

y.^+^ i«^+- y^+- 

4 -^ 4 -^ 4 

(3\ /— 2x 

«* + - - 2*\/s tan-* —= ; 



/*P— 3 4 2 2 9 -r — 1 

-5— =--h.l.(a;+n + >h.L(.^-.7+l)--4.tan-»^ 

ui /\/^-^+l\^ 2 , 2a? - 1 

= h. 1. ( 7=rtan-* — 7=-. 

\ ^+1 / v^ V3 
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Ex 2 Let — = 9 which includes 

the three cases. 

U A B C Mao + J^ 

Let ■— = 1- :; rr -I H — li — — 9 

V Jff+l {w + iy a? -I- 2 /r + 1 

1 = J.(a? + 2)« (a?« + 1) + {fi -f C.{af + 2)} (^ + l) (a? -H l) 

+ (Mw + N).(a; + l) (a? + 2)% 

1 
« = - 2 ; .-. 1 = B . 5 . (1 - 2) = - 5 B, 1. e. B = - - , 

^ 1 

a7=-l; .-. 1 = -4.2 = 2-4; .-.-4*=-. 

'2 

^^ (^4-2)«(^^l) ^(^+0>(^^l)^C(^^g)(^^l)(^^l) 
2 5 

+ {Mw •\'N).(w + l)(w + 2)*, 

or - ^^ — ^= (a? -I- 2) . (a? + 1) 

10 

{C . (a?« + 1) + (Mw + JV) (a? + 2)}. 
Divide both sides by (a? + 2) . (a^ + 1), or a?* + Sa? + 2 

- ^^-^^^-^^ « C (a?* + 1) + (if a? + N) (a? + 2). 

lU 

9 9 

Leta?=-2; .-. -- = 5C; • • C'= ---; 

5 ^5 

9ia^^^)J^^Sw^^ ^j7w^^l5w + 2)^ 
25 10 50 ^ 



(7a? + 1) . (a? + 2) .-. ^_. , ^. 
-^ ^^ = (Mw + iV) (a? + 2) ; 

7a? +1 



or — 

50 



.-. Mw + JV = — 



50 ' 



I^U 1 r 1 ^ f ^ 9 r 1 _2, rlf^tJ 

" •/,F'^2 V*^+T""5^,(a? + 2)*^25Xa? + 2 50 * A a?^ + 1 

1 119 7 
= - h.L (a? + 1) + ^ h- 1- (^ + 2) - — 

2 ^ '^5.» + 2 25 ^50 

J 1 

h. 1. Vcif* +1 tan"* w, 

50 



RATIONAL FRACTIONS. 



279 



12. If there be (m) quadratic factors, each = (a? -o)* +^, 
we must assume 

U Mw + N MiOi + Ni . P 

r {(a?_«)« + /3»}«'^{(a;-a)* + /3»}— • Q 

.-. U= {Mw + N+ (Miw + AT,) [(a) - a)* + ^] + &c.} 

and after determining (Ma> + N), by putting (ai - o)' + j3* -> 0, 
and subtracting %Mi^ {Mx + N).Q from U ; divide both 
sides by the factor {ar - a)* + /S*, and then proceed in a similar 
manner to find Mi and JV,. 

Ex. Let — = -r-z ttt r , resolve it into its par- 

V (j^ + iyiw+i) 

tial fractions. 

U Mx + N Mis + Ni P 

+ s — r— + 



V (a>+\y -»* + 1 x + \ 

Let a = t^ ~\ ; 

.-. JV-Af = 1, andJV + Jlf = 0; .-. JV = ^«-Jf; ..M'^-\, 

l+l.(a,+l)(a,-i). + ^ = (J|fia>+Ar,).(^+l).(a,+l)+P(a;«+l)«; 

/. + ^ = (ilfio? + AT,) (^ + 1) + P Oi?« + 1). 
Leta?=\/^; .-. +^ = (ilfi\/^ + A^i) (\/^ + 1) 
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13. The fraction - i r-- to be integrated must be 

divided iato two others, - i -^, , and ^ . -i- . The 
former is easily integrated, for 

r 1 . 

but / T-3 To must be integrated by a method which we now 

proceed to explain. 

^. d.pq da dp 

Since -^=p.- + 9.-; 

. dq r ^P 

or if any differential coefficient can be divided into two parts, 
one of which is a function of Wy as (p), and the other the 
differential coefficient of a known function (q) ; then {u)y the 
required function, is equal to the product of p and q minus the 
integral of (q) multiplfed by the differential coefficient of (p). 

The utility of this method depends upon the function 

tin 

q . — being less complicated than the original differential 

coefficient. . 

du 
Ex. 1. Let --- = a?»(l+a?^)* = a^.a?(l+^«)*. 

d/v 

dq 
Here p ^ a^y t^ *= ^ (l + ^Y 5 

da^ 

_ -^ • (^ + ^Y _ 1 (1 + ^Y 

~ sTs ^' 2.4 



Ex. 2. Let 
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du 1 



dic (a? + ly 



^- 1 ^ + 1 a^ 1 

Now -— — -— ^ = -- — — = -— — — + 



{a/" + 1)-' {a^ + \y (^ + 1)* (a^ + 1)" ' 

Jr \ r (J? r \ 

» {a/" + 1)- """•/, ^TTy "*" J* (ai'+iy-' ' 



But ^-:^ r- = ^ . 



{a^ + 1)" (^ + \Y 

dq X 

Here p = a?, and -— = t-t r = a? (^* + l)"" ; 

^ da? (a?^ + 1)" ^ ^ 

dp , 1 

= 1, and qf « - 



"do? ' ^ (2 n - 2) (^» + 1)-^ ' 

r a^ — ^ 1 r 1 

' * J» (ar" + !)• '^ (2»-2)(j^ + l)''-^ "^ 2w-2 ' ^^ (a^+l)-» ' 

J/* 1 1 X 1 /• 1 

*(a?* + l)«^2n-2'(4?* + l)*-* " 2n-2 "X(a7* + !)"-» 



+ 



ir(a;*+l)-^ 



1 a? 2n-S /• 1 

'^ 2n-2 ' (^TT]r^ "*^ 2«-2 * Js (a?« + 1)"-' ' 

by this process / j-^ — ^ is made to depend upon / j-^ — — -^ , 
and by substituting n - 1, w - 2, and n - (n - 1) for «, it will 

-r = tan"* a?. 



Ex. Let w = 4, or let 



/-— -7 be required. 

Jr 1 1 tP 5 r I 



I 



) 
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Jr 1 1 <r 8 r 1 

r 1 1 ix 1 r 1 



2 «ir + l 2 



/•I 1 /r 5 d? 3.5 07 

"* X (a;* + 1)* " 6 ' (a;»+ ly "^ iTe ' (a^+ 1)« "^ 2.4.6 ' w'Tl 



3.5 

+ ;.tan"* Of. 

2.4.6 



/I 
--r may dso be referred the 



I. 



Mx + N 



For, let a> — a^z; 

f Mx + N Mx + {Ma + N) 



' ^Ij^TW' "■ ^^" "■ ^^ l^TW' 



and if / 7-1 — 



and (JIf « + jyr) ^^^.^ - -^ -^TF^T 






Ma + N r /3 ifo + J\r 



by putting -^ "= 2^9 or isr - )3y, which can be inte^ated by 
the preceding method. 
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15. Let 



dw " (^+ 1)" ' 



OT , Of 



dp 



__ . dq X 

Herep = cv— S ;t- = 73 — -r;; 

dof {or + 1)* 



as (m — 1) . «*"•, g =s — 



-i» 



dor ^ ' ' ' (2n-2)(a;*+iy 

, J^Tly * " (2n-2)(a»«+l)-» ■*■ 2n-2 ' X (a;»+l)-^ ' 

' ' ^, (^hHOP " " (2n-4)(d^+l)-* "*■ 2n-4 * •/, (.r^+l)"-*' 

and in this manner if m<n, the integral is reducible either 
to /t-= — r or /-T-r r-i the former of which is imme^ 

diately integrable, and the latter is integrated by the method 
of Art. IS. 

16. Next, to integrate functions of the form 

a^ 1 

and 



{a + bw + cx^Y xT (a + hw + ca^y 

In these cases the trinomial ex" -^bx -^ a must be reduced 
to a binomial; and then the integration may be effected by 
methods already given : we will first however shew how the 
function may be integrated when m^O and n= 1. 

du 1 

17* Integrate 



dx o + 6a? + cx^ ' 
1 1 1 



O + fed? + Ccl?- c 



6^*-^^) 
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_ 6 d% 

Let a? + — = »; .'.--—si, 

_ _ 6^ o ^ a 5* 

and or + — +- = )jf2+ -.--_; 

c c c 4!cr 

du du d« du 1 



dx d% dw dx / o a V\ ' 



('n-^ 



o &* ! 

(l) Let - > — r, or 4oc>6*; 

c 4f(r I 






4c^ 



But 



r 1 1 ,i!f 

•• / "i 5 = -.tan *-; 

J^str + ar a a 



.'. w = - . 



1 2c , / 2caf \ 

-. y =.tan"' I . =) 



, 2c^H-6 
.tan-* 



a V b^-4fac 

c ^gSr -^ar 2ca •/, \» - a «f + a/ 
2 ca \«f + a/ 



2 Cd7 + 6 - \/6* - 4 ac 
h. 1. 



\/b* — 4ac 2 ca? -H 6 + v 6* — 4 ac 

Ex. 1. Let a := 6 s: c » 1 ; .. y/^aQ -6» = y^, 

/• 1 2 , 2 ti7 + 1 
/ . \ = ~7= ta^" 7=^ • 
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Ex.2. Let c = 6=l, and a=-l; .-. \/6*-4ac = v^; 

J»arArW-l y/^ \2ar + l+V5/ 



18. To integrate 



a?" 1 a?* 



(o + 6a? H- ca;*)* c* 



(^+-.+^«) 



T * 6 

Let a?+-- = «f, ora? + a = », ifa = — ; 
2c 2c 



6 o , a 6* 

- a?+ - = «*+ 

c c c 4 



... a?* + - a? + - = «» + - - -^ = («« ± /3*) ; 



* ^, (o + 6a? + ca?*)" c» X(««±/3«)~* 
Here are two cases: 

the method used in Art. 15. 

(2) Let?<^; ... f^'--r ^ f-Jiz^r_ 

must be integrated by the method of partial fractions. 



19. Again, to integrate 



a?^ (a + 6a? + ca^y * 



X 1 dx 1 ^ 

Leta?=-; .-. --=---=-j3f8; 

X aw or 



du du d« ^du 

dw d« dx d% 



sff^"^^ odu 

or =s — ar — • 

{af^ + 6» + c)" d« ' 
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, {ast? + fe« + c)' 



which is a case of the preceding article. 

20. Next, to integrate the functions and 



Since all the quadratic factors of <2f - l are included in the 
general formula a?* — 2 ^ cos -f- 1. 

ad' Mx + JV P 

Let = —__—««-««. ^ __ ; 

df-1 . /2i»7r\ Q 

x^ -9,0! cos I 1 -H 1 

2m^r / . 2fii7r 

Let iP = cos + V — 1 sm , 

n n 

and let Qi be the value of Q ; and on this supposition also let 
z be put for this particular value of <r, for the sake of brevity; 

.-. X' = (Mx + N) Q,. 

Tfc - •> • 4 2l?»^ 

But ^ - 1 = Q (ar - 2.J? cos + 1) ; 

n 



naf'^ = Q (2tr-2cos 1 



-f (ar— 2a?cos + 1). --— ; 



n 



nz^''^ = Q, {2ar - 2cos 

n«" = n= Qi f2«*-2« cos '^ ) « Qi («* - 1). 
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Since «■ =: 1, and ar - 2» cos +1 = 0; 

n 






n 



Hence si^ = (Jf ar + N) . , 



But since » = cos + v - 1 sm 



n « ' 



1 2mir J , 2i»7r 

.'. -=cos — V — Ism , 

z n n 



and z — as 2 -x/- l 



, SmTT 

sin , 

n 



and »'+* = cos - — + V - 1 sm — ; 

n n 

whence substituting in (l), we have 

-^ 2mw -^ / — - . 9,mir .. 

Mn . cos V Mn v - 1 sm + Nn 

n n 



. {cos (!!^i^) ^ v^.ri„(?!!^)| V^Tdni^ 

y 2fii.(rH-l)7r . 2w^ . 2i»(r-Hl)^ . 2fiiir 

= 2v -Icos ^^ — sm 2sin ^— .sm , 



w 



n n n n 



,^ . 2w7r 2m(r + l)ir . 2mir 

'. Mn sm « 2 cos ^ — . sm , 

ft fi n 



or iif 



2 /2m . (r + 1) ir\ 
— . cos ( — I , 

n \ n / 
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. ^^ 2 . 2m.(r+l)7r . ^mw 
and JV = . sm sin 

. . 2 ,^/t^/ ^^ . /«^ ^ ^ ^ 

*-*/<* "Ti — ^'^^ 1S~ 

2 2«»(r + l) TT 2i»7r 
TLT yf^^ iTLSr . cos . cos 

2 2mr.7r 

= . cos ; 

n n 

2wi.(r + 1) 2wr .X 
,- -_ a?, cos cos 

MX + N 2 n n 



- 2mir n ^ 2mw 

or -2a? cos hi a:^ - 2a?cos + 1 

n ^ n 

Case I. Let n be odd ; .-. Q = (a? - 1), and P - A\ 

of - 1 



also of =f{Mai + JV) . (a? - 1) + -4 



TTY' 



where /. (Mx + N) represents the numerator of the fraction 
formed, by reducing the fractions having quadratic denomi- 
nators into one. 

JLiet a? =: 1 ; .*. = n, and -4 = - . 

.r — 1 » 



/•a?' 1 /• 1 2 

••• \~r — ; = "• / ; + • 

J^x^ — I n •/- a? - 1 n 




2m.(r + l)7r Stmr.ir 
a? cos cos 



n n , 



2i»7r 

or — 9.x cos h 1 

n 



Mx-^N 



the latter integral is of the form / -r 

® ^, a?* - 2aar + 1 

J Ma + JV 1 / ^ "" ® \ 

= Jf .h. 1. \/a?^-2aa? + 1 + y ^ . tan"M-y==^l ; 

putting for JIf and N their values ; 

, . 2m7r / ^ . 2mx 

and since a = cos ; .'. v 1 - a = sm . 

Ma + N 2 . 2w.(r+l).7r , 

Also —7 ^ = . sm ^^ ^ , we nave 
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/•a?** 1 /• 1 2 J 

•^»a?"- 1 " w V(ar - 1) n\ 

h.l. Va?*- 



cos . 



2m (rn- l)7r 



n 



2fiiir . 2m(r + l)7r 
2a? cos + 1 - sm — 



n 



2m7r 



Of -'COS 



tan 



-1 



n 



. 2m7r 
sm 




n 



where m must be taken from i» = 1 to w = 



w - 1 



Cor 



. 1. If r = 0, we have / 



= -. n. I. (a? - 1) + -. cos .h.l. \/ «ar-2^cos h 1 

w n « n 



2 . 2m7r 

. sm 

n n 



X — cos 



.tan 



-I 



2m7r 



n 



. 2iW7r 
sm 



n 



Cob. 2. If we add to the integral the constant quantity 

/2m7r\ 

. /2m(r+ l).7r\^ ^,/ '\n ) 
-sm{ 

V n 



tan-* 



. 2m^r 

sm 

n 



Since tan-*(^ - S) = 






r ^ 1 , , , .2 /2w.(r+l)7r\ 
.-. / — r = ~ . h. 1. (a? - 1) + - . cos ( ^^ ^— I 

h.l. \/ci?2- 



2/rcos 



m^r 2 . 2m(r + 1) TT 

+ 1 . sm ^ ^ — • 

n n n 



tan 



-1 J 



iV sm 



1—0? cos 



T 



n 

2m7r 



n 
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and / a — h. 1. (ti? - 1) + — cos ( | 

Jg^ — l n n \ n I 

"• *• \/ or - 2(Vcos hi • sm 

n n n 

, 2fnir ] 
•a?sin . 

» i 

2i»7r ( * 

1-0? cos I 

I w J 

11 9. 

Ex. /L-— «-h.l.(a?-l)+- 
^ .T — 1 5 5 



tan""* < 



2 2w 
cos — 
5 



\/^*-. 



2w 2 . «.. . „ 

2^ cos — + 1 sm — ^*" 

5 5 5 



r . 2ir 

d? sin — 

. 2,r ,_.|j 5 



1 -a? 



2^ 



cos 



2 4ir^ 

+ - cos — h 
5 5 



.1. Vo^- 



47r 
2<r cos — + 1 
5 



- Sin — tan ^ 
5 5 



47r 



(Tsin 



1 -^ «p cos 



4x 



I 



CoE. If (») be even, there will be two terms of the 

form and ; and A and B may be found by put- 

^ — 1 a? + 1 

ting 4- 1 and - 1 for or in the equation 

or"- 1 



w' ^f{M<v H- N) (a? - 1) + J 



4?- 1 



jgjH 1 

and J?*^ ^fiMoD -h JVT) (ar + l) + S ; 

«a? + 1 



• 1 1 

.'. ^=— , and 5=± — . 
n w 
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m' 



21. Also the function , since the quadratic fac- 

tors of the denominator are included in the general formula, 

0? - 2d? cos ( Itt+I, may be integrated in a similar 

manner, and will be found to depend upon the terms 



- \ cos '---^ di->. h.l. V «« -2^7 cos — 7 

. /2m +1 \ ^ 

+ sm { ^-^ i—\ tan-^ ^ - 

I « j , /2m + 1 \ 

1 -a? cos I tt) 

My 

If n be even, m must be taken from m = to m = ~ . 

2 

w — 1 
If n be odd m = 1 torn = 



2 ' 



; A 

and there will be a simple factor (a? + 1), and a fraction 

where ^ « ~ . 

n 

CoE. Hence \ will depend upon the terms 

2 r(»- l).(2m + l).'rl , , ^ /T^I /2m+l\ 

- . COS^-^ ^— ^^ ^^ V.h.l. V ^ -2J?C0S I JTT+l 



_L1_ fofl-1 y 



. (2m + 1) 

X . sm ^ TT 



2 . (n- l).(2m+ IW , I n 
-~. sm ^^ ^^— tan"' ' 



1 — OD cos 



r-^') 



>+ C. 



22. To integrate — ^ 



^«» - 2a?" cos a + 1 
The quadratic factors of the denominator will be all com- 

prised m the term or - 2<r cos + 1, where « . 

n 

T 2 
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Let 



as' Mx + N . P 

= + — ; 

a?*" - 2a?". cos a + 1 o?^ - 2a? cos + 1 Q 



.-. a?' = (a?^ - 2d? cos + 1) P + {Mx -^ N).Q. 
Let a? = cos H- v/- 1 sin = ar, and Qi be the value of Q ; 
.-. «' = (if i» + iVT) . Qi. 



Now 0?*" — 2a?* cos a + l = (a?* — 2a? cos + 1) . Q ; 
.-. 2n.a?**"'-2».^~*cosa = (2a?-2cos©) Q+(aj^-2a?cos0+l) 



dQ 

dx 



2n«**" - 2n«"-^ cos a = (2z - 2 cos 0) . Qi, 
or 2n«**-2n«» cosa^n («*" - 1) = (2«® - 2«rcos©) . Q, 



.-. Qi = 



n («*» - 1) 



. . »' = (Jf» + N) .n— — - = n . (Jlf» + J\r) . 



1-1 



% 



«^- 1 



1 

z 

z 



.-. «'-"+* « 



= w (Jf «f + JV) . 



hi) 

1 

z 



cos 



|(r - n+ 1)} + \/- 1 sin (r -n + 1)0 

. , / . ^^ ,^. sin n0 

= w J Jf (cos + V - 1 sm 0) + iVT} X . ,, 
* ^ sm t7 



= w. (3f 



cosdsinnd 
sin 9 



+ ilf V- 1 . smn0 + iV-— r— tt) » 

sm / 



.-. J/=- 



, . X /> sill \ 

1 sin(r-n+l)0 1 \ 



(r -n+ 1) .(2i»ir + a) 



7Z 



sin nQ 



n 



n 
sin a 



\ 
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- JV.sinn^ N sin a I . ^^ M. cos 6 sin a 

and . ^ , or . ^ = - cos (r - n + l) 7—^ 

sin sm n sm 

= <- . cos (r - n + 1) © . sin ^ .sin (r -n-^-l) . cos0\ —. — ;r- 

(« n j sm 

1 sin (r - n) © 1 sin (n -r)0 
n sm a n sm 

. ( (« - r) (gm^r -H a) ) 
1 sin (n - r) 1 1 n j 

.\ iV = + : = -H i : , 

9t sin nd n sin a 

and the integral is reduced to that of 

1 /-a? . sin (r - n + 1) + sin (w - r) 

n sin a . J» *•* - 2 j? cos 0+1 

The integral of which is known. 



CHAPTER III. 



IREATIONAI. aUANTITIES. 

23. The functions of this class will be treated of in the 
foUowing order : 

(1) Those which are the differential coefficients of known 
functions. 

(2) Those which may be reduced to rational functions 
by means of obvious substitutions. 

(3) Those which must be referred by means of Farmulaa 
of Reduction to known integrals. 

24. Class I. Since if w =: sin"^ a?, 



and if w = cos"^ a. 



u = Fsin"'«r, 



u = sec"* a?, 



dw ^i^a^' 
du 1 

du 1 

du I 



\ , - z =COS"*d?, 

/ y- = Fsin~**r, 

/ — y===sec"*a7. 
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CoK. Since f- = / .^ s f , r 



where » = - ; 
a 



and r--^- -^ A " W ^ 



= — sec * » = — . sec ^ I - 1 . 



25. Class II. Next, to integrate the differential coefficients 
1 1 1 1 

^ ^ ^^ du 1 . _ /• 1 

aw y/x^-k-or •''v^^+a* 

Let \/ c? + o* = a?» ; 



.-. a;^ 



€? 



2 h.l. ar = h. 1. a^ - h. 1. (z" - 1) ; 



1 du 

xz dx 



^ du du dz du dz 1 dz 

But — = — . — ; 
dx dz dx 








1 


dz 




5^ 


-1 


dx' 




du 


dz 
dx 


1 




dz 


i^- 


1 




1 


• 





du 

dz ^^ - 1 ' 
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\/a*H- a?* - ^ '^ a^ 



= n. 1, 



a 



(2) Since 



V^a?* + 2ad7 V (^ + a)^ — o^ 



Jf — ^ =t = h. 1. (a? + o + \/a?* -f- 2a,r). 
*V<r^ + 2o^ 



(3) If 



Let v^+o* = ijr ; 

.'. a^ ^ 9? — a?'^ 
.-. 2 h. 1. a? = h. 1. («;^ - a^) ; 

1 du 1 diST 

. du du d% 
dt^ d% 1 d;ir 



dt^ 1 



' ' ds^ «* - a*' 



•'• **= f ~i 1 = — • / ( J = — •^•1- 

J^^ — ar 2 a J^ \% - a z+^a/ 2a sf + a 

. h. 1. — _ = — . n. L 



2« •v/** + a* + a 2a (v/.t^ + o" + «)' 



= — . h. 1. I y I . 

« \V cX7^ + a^ + a/ 
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(4) Similarly, if 



t^ = - . h. 1. ( — ,, I . 



26. The function 



y is easily reduced to a 

known form. 



For 



\/ cf '\'hx '\-co^ y/ c , fa h 



c c 



V 2 c/ c 4& 



v^hrj 



1 

>9 



^/c ^ /f b\^ ^ac — 6*^ \ 



which is of the form 



4 c* 
1 



\/^"±^' 



1 , , , 6 . /a b^ „. 2c 

. h. 1. (^ + — + V - + — + 



.-. u = —7= . h. 1. (^ + — + \/ - + — + ^) 



V^ 2^ ^' ^ \/4fac-b^' 



= — y=- . h. 1. I 
\/c V 



2c«a? + 6 + 2 vc \/a + 6a? + ca?*\ 
-x/c V y/4fac -b^ I 

Let a= 1, 6=1, c= l ; 

r 1 / 2a? + 1 +2\/l +a7 + d7^ \ 

-'' \/l +07 + 0?^ \ y/s I 



Also, 



\/a + boG — Cct'* vc ^ /a 6dP 

V - + 



tF^ 



c c 
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1 11 1 



^ e 4c« V 2c/ ^ 4.c» V 2c/ 



which is of the form 



d.sin-(^) 



b 



CD 

r 1 1 . , 2tf 

.-. / = = — p . sm * — y 



6« 
4c*" 



Ex. Let a = 6 = c = 1 ; 



1 . , / 2ca7-6 
sin"* 









. dtt 1 

27. Integrate 



da? a? y^o ^bw-^- coff^ 

1 dor 1 

Let d?=-; .•.-—= — -«-a?*; 

du du dof 1 1 - 1 

dz dx dz 



-V « + - + -; 



i2? «* 



or t^ 



-i: 



which has been just integrated. 

du 1 



28. Integrate 



dx a^ ^a + bx-\- ca^ 



Let ,r = -; 



1 du s^ du dz du 



z 



dx ^/ax^ -^hz + c dz ' dx dz 



z^; 
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- b b 

r z 1 / 2 2 

•. W = - / = - - . y^ -—s-a-sae------- 

ft 

2 ft 1 



..i/ 

^ lv^o«* + ft«f + c 2 x/W^Tft^T 

= \/a«^ + ftaf + C4- — . / y 

« 2a J,y/^^ 



bz-^c 
the integral of which depends upon a preceding example. 

on T X ^^ I 

29. Integrate 



d^ . (a + fta?) \/c-\- ex 
Let «r = \/c + ea?; 

- £ = life- .i 



Also a? = ^^^ 



9 

e 



ae — bc + bs? 
.*. a + fto? = 



du ^ du g 

da? "" (a« - 6c + ftaf*) ^» " djs? ^f^ ' 

dti 2 2 

c/;8r {ae — bc^ bz^) - / « ae -- be 



('-^) 



(l) Let ae>ftc; 



2 ^y ft ^ i3fxA 

.-. «^ = - X ^V 7- • tan~^ -~ r- 

ft ae-bc y/ae-bc 

2 / v^ . \ 

*= "7= — y tan I J. r- V c + ea? ) . 

vftv«^-ftc Vv ae - ftc / 
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be "" (IS 

(2) Let ae < bc^ and let — r = /3* ; 



- JLh L ^"^ - JL h 1 "^^^^^"^ 

' (3b ' z + fi" fib ' V^T^+/3* 
Let a = ft = c = 1, and e = - 1 ; .-. /3 = \/2 ; 

r 1 J_ , J \/l - J? - Vg 

•^r (1 + a?) \/l - a? \/2 \/l -^ + \/2 

1 , , - 3 + a? + 2 'x/g a/i -a? 
. h. 1. 



dw 1 

30. Integrate -~ = 7 rr / ^ • 

° dof (a + bx) \/c + ear 



dw 1 
Let a + 6a? = « ; .•.-—=--, 

dz ft 



_ ^ - a 

and X = — ; — ; 
ft 

eft* + c («r — a)* cV + ea* - 2oe» + es^ 



.-. c + ear = 



= —. {/3^ - 2a«f + «^} by substitution ; 
ft 

du 1 du 



5f 



y/(3^-2az + af* 



. w = 



= — ^. r y. , a known integral. 

V e ^« ^ V «^ - 2az + /3^ 



31. Integrate 
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du 1 



d^ (o + ba^) y/c + eo? 



\ dx \ 

Let ^ = - ; •. T~ = "• 13 • 

% dz sr / 



/ 
/ 



^ , « du d% ^ du 

And . = 3- • 3~ = - ^ ' 3- ' 

(0,7? + 6) V ci»* + c d% dx d« 

du z 



dz (^asi^ + b) \/ esi? + e 

Again, make y/ c$i? -h c = t?, 
jiT 1 dv 



• _ • 



y/csi? JrC c dz 



-m 



and a«* + 6 = o { ) + 6 = 



** — e\ at?* — ae -h be 



dv du dv 



(a«* + 6) \/cz^^e ai? - ae -^bc dz dv ' dz" 

du 1 

dv av^ - ae + fee' 

J. at>* - a« + fee a ^^ «* 



±/3»* 



which will be a circular arc, or a logarithm, according as the 
positive or negative sign is taken. 

^ du 1 

32. Integrate , = > , ==• ? 

aa? (a + fea?) y/car + ex '\- m 

1 1 1 



^ ^ ^^ (o + fe^) \/ a?- +-.27 + — 



1 1 

\ 2c/ c 



^ 
4c2 
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^ e doe 

Let X + — = » ; .•.-—= 1. 
2e dz 

he ^ 

And bx '\- a ^h% -{-a ^ hx + ah, 

2c 

Let — « a^ ; 

Again, make % •\- ^- -\ 

1 
i_ /* ^ 









a known form. 

p 
33. Next, to integrate Jr(a + fea?)^, where Jfis a ra- 
tional function of <v. 

Make o + 6a? = )y* ; 

... ^ ^ — J and -— = -rx^~ 9 
b d% b 

and f^X.(a + bw)'i^f,Z.zP.^z9-'^^f,Z.^''^:\ 

z^ — a , 
where Z is the value of JT, when — - — is put for w. 
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P 

34. Again, to integrate JT. (a? + \/l + a?*)*, where X is 
either a rational function of a?, or of w and \/l + a?^. 



Make a? + -x/l + a?* = ij?' ; 
.-. ^ = ^ {««-«?-«}; 

and \/l +a?* = «' + a? = ^ («« + «-«) ; 

Z being the value of JT, when \{s^ - x^'i) is put for <r. 
35. Lastly, to integrate 



= and 



oT-^ 



^ -.V **y — z ana , ^ »»y • 

(l - af~) V 2tJ7"' - 1 (1-0?") V 2a?"* - 1 

In the former, make 2^"* - 1 = «*" a?*"; 

.-. ^ - 2a?" + 1 = a?^ (1 - iK*"), 



or 



/I -ay^X' 



1 — a?" da? ^ , 

«^r:5;rM -Tn:-^"' (2); 



a?^'"^^ ' dz 
therefore by dividing (2) by (l), 



1 dfv i^"-^ 



(l - a?") xzdz 1 - % 



.9fli 
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dw r st^' 



n 1 r 1 dm r ^ 

*/,(!- or) ^^cc'*' - 1 " Jz{\ -af^)xz dx "^/r 1 - 

which is rationalized. 

In the latter, let ScF" - 1 = »** ; 

div 
dz 

and 1 - a?" = 1 - ^ («^ + 1) = ^ . (l - «^) ; 



2 



(l - a?"*) z dz I " z 



em 



; 



' r- , which 18 rational. 

, 1 -«*" 

These formulas were integrated by Lexell. 



BINOMIAL DIFFERENTIAL COEFFICIENTS. 

du ^ 

36. Next, to integrate -— = a?*"* (a + bai^y. 

dx 

This function may be rationalized whenever — or — i- - is 

n n q 

an integer. 

(1) Let a + 6^ = 5f«; 






6 ' 






--1 , 

wo 



V~T~J d^' 
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--1 

du a _. ,/»*-a\» d% . du dz 






• 



dof nb \ b I doe dz' dx^ 



= -1 



■(^) 



which is rational if — be an integer, and easily integrable, 



by expanding the binomial. 



(2) If — be a fraction, 
n 



Let a + 6^ = af^sfl ; 
a 







• '" "«'-&' 




M 




a?* SB ■ 


• 






qa* «*"* dii? 

(«7 - 6)» 



and (o + 6 j?*)« = j » 

(a;« - b)9 

" dw^ n r^ i.\?+f + i^^ dz'dw^ 

du _ qa' 9 s(P+»-i 

which is rational whenever — + - is an integer, and easily 

n q "^ 

integrable if — + ~ be a negative integer. 

n q 

u 
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Cob. We have assumed that m and n are integers, but if 
they be fractions as - and — . 

Make i?*** = «»; .•.«?*= f)"i, and aft = t>'i*. 
Also (n) is assumed positive, for if not, let 

u 

Ex. 1. Let -;- = a^y/TT^. 

da; 

Here m - 1 = 3, and » = 2 ; .•.— = - = 2. 

n 2 

Let 1 + a?* = «* ; .'. a?* = ar' - 1, 

^*n=(ir«-l)»; 

.*. jj'ss («■ — 1) af.-7-, 

- dt« du dz 
and -- = 3-3-5 
dw dz dx 

. , _ ,d^ _du d^ 
^ d^ dz' dw^ 

d;ir 

«* ^^ ^ 
5 3 



(jl_+^_O^H^i^^ 



du 
Ex. ^. Let 



dd? w^y/\ +«*' 



Here — = - - , and - = - i ; .-. - + 1: = - 2. 
n 2 9 * n q 
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And . as a: 

Let 4?"* + 1 = «*. 
.•. /r"' = — jjf . — 

a?-* = »« - 1 ; 



_ vT+^ r 1 + a?* 1 



3ar^ 



X Ex. 3. Let — = ,y = (1 - 0?") »«. 

w» p 1 1 
Here — }-- = = 0. 

Let .". 1-af = a?"«"; .-. af = ; 

.-. n h. 1. a? = - h. 1. (l + »") ; 

^ 1 + «" da? ' 

1 1 sif"^ d% 



a?» VI - ^ 1 +^ da?' 

u 2 
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du dudz jb" dz 

or 



du 
dz 



dx dz dx 1 + jb" dw* 



1+ »• I 1 + »"r 



which may 6e integrated by partial fractions. 

37. These methods of substitution are seldom adopted, 

the formula of reduction /p 3^ = 'pq — /^ • -r~ l^^i'^g more 

ao? dx 

generaUy useful. 

p 
Instead however of integrating the formula J[ia7"~*(o+fcr*)7 

for every value of 71, we shall confine ourselves to the cases 

in which n s 2, and where a, 6, have particular values, the 

integrals thus found will be those which are of frequent 

occurrence in physical problems. 

These are / . , / y-. , / , > . 



Having integrated these functions, we shall next integrate 



Jr X^ r 1 r X^ 

' / =5 , and / J 9 and / / - = 

* y/9.ax — ar • *^* x^ y/^ax — or •'*va + 0^ + 



du x^ 
^- T: = / i » C*^) *" integer, 



/ -7=== = ta?-- »— == . 

do X 

Here jp = /r*"*, and -— - = . ■ ; 

-i- = (m - 1) ^*"% and gf = - v l - »i?*; 
do? 
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1-j^ 



putting —J for \/l - a;^.; 

V 1 -^ 

and by putting m - 2, m — 4, f» - 6, &c. for tw, the integral 
will be reduced either to 

/— 7====> or / . ; 

that is, to - V 1 — .r*, or sin " * a?, according as wi is odd or 
even. 

Jr a** 
f — .. be required. Here m ^ 4. 

J/* a?* 0?^ V 1 — a;* « r ^ 

/• tT* a?^/! -^ , /• 1 



{JG\/\ " 0? 



+ ^sin"^^ + C\ 



K\/\-o? I* 2.4J 2.4 
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39. To find the general value of the integral. 
(1) Let m be even = 2«, 

and let P,.= f- , and Q8._i = d^"-^v^l - a;*; 



1 2n-3 
^»«-2 = — r r Qgfi-a + r r P2fi-4» 



2n— 2 



2» — 2 



1 ^«-5 
-■ 2»-4 = "■ "::: : Qsn-s + ::: : -nBn-e? 



2n-4 



2n-4 



P, = - -J Qi + ^ Po> where Pq = sin"^ a? ; 



• • Xg 



2n.(2n- 2) 
(2n-l).(2»- 3) 



2n . (2n - 2) (2» - 4) 



Qs.-s -h &C 



■} 



(2»-l)(2n-S)(2n-5) 3.1 . , 

2n . (2n-2)(2n-4) 4.2 

If the integral be assumed = 0, when j? = 0. Then C = 0, 
for Qsn-19 Qsii— 39 &c. each = 0. 

If a7=sl, Qs^.i, Qsii-s> &c. each = 0, and sin~^a?= -; 

2 

f_^^__ froniay = 0) _ (2n-l).(2w-3).(2n-5)...3.1 tt 
•'V'l -^' to^=lj~ 2n . (2n-2).(2«-4)...4.2'2 * 

(2) Let m be odd and - 2f» + 1 ; 

p 1 2« 



2n + 1 



2n+ 1 



P - - 

-* 211-1 — "• 



P, =- 



Q2M-2 + 



2«-2 



2n - 1 2w 



- 1 



Pgn-aj 
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and Pi = f . ^ - v/i -a?* ; 

(2n + 1 (2n + 1) (2n - 1) 

2n.(2n-2) I 

"^ (2n-H)(2n-l)(2n-S) ^-* "^ ^'^j 

^^ Aii+i = when a? = 0, since then Q,,, Qg.-sj &c. 
each s= ; 

• Q^ ^^ ' (2w-2)(2n--4)„.4.2 

(2n+l)(2n-l)(2»-S)...5.s"*" 

whence bjr subtraction, 

p 2n . (2y^-2)(2n-■4)„.4.2 

"""^^ ^ (2w + 1) (2n - 1) (2n - 3)...5 . 3 

{1 2» 1 

^^TTT ^- -^ (2n + i)(2n-i) ^-^ -" ^" j • 

Let Of = 1; 

r d?*"+^ from ^ = 01 2n . (2w -2)...6. 4. 2 

J*\/T^' to a? = 1 j (2W + 1) (2W - 1)...7 .5.3* 

CoE. If n be infinite, then we may make Pg, = An+i? 
TT 1.3.5.7, &c. 2.4.6.8, &c. 



2 * 2 . 4 . 6 . 8, &c. 3 . 5 . 7 . 9, &c. ' 



TT 2 . 2 . 4 . 4 . 6 . 6 . 8 . 8, &c. 
^^ 2 " 1 . 3 . 3 : 5 . 5 . 7 . 7 . 9, &c. ' 

which is Wallis'^s theorem for the length of the circle. 
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du 1 



40. Integrate 



dw ^ \/\ +d?* 



1 . da w 

Here p = — -: » and -;- = ,• ; 

dp m+l . y 

• • / / = V,^, + (*» + 1) . / ^.a 

r 1 1 vl+a;* m r \ 

For (m + 2) put iw ; 
/• 1 __ 1 \/T+V m-2 /- 1 

a formula of reduction by which the integral may be reduced 
either to 

according as (m) is odd or even, 
and / y — = h. 1. -. , 

_ /• 1 r 1 • / — ; y/l-j-a^ 

and / = / . = --y/ar* ^ I « -. 
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41. Integrate 



af^y/ a^ — 1 



1 d . y/a^ - 1 



# 



/I 1 y/a^ — 1 m /• 1 

therefore, writing m for (w + 2), 

/• 1 1 \/.i?*- 1 w-2 /• 1 

^•d^y/s^- 1 "" m- 1 ' 0?*"* m - 1 " J* oT'^ y/ a^ - \^ 

a formula by which the integral may be reduced, when m is 
odd, to / . = sec"* a?, and when w is even, to 

r 1 \/Vh- 1 

Example. Find / , 

•'^ a?* va?* - 1 



/ 3 ^ = i • i + i • sec ' a? ; 



r X , \/a?^-l 3 y/o^-X 1.3 

.-. / , = 4-: ;; + — — 4- sec-^cT. 

-^(ff'y/lf^X a?* 2.4 ub" 2.4 
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du tX^ 

4i2. Integrate -j- = . 

XOB^ /--o?*"*. (a -d?) -»- ajf^"* 

af*~^ (a — w) r oT"^ 



J car 'la —.171 /• 
f . ^ ^ -f o. / ^ ^. 

* V 2007 — 07* •'' V 2a«r — ot* 

O— cT J / 

How f^ai^' y =g«T*"^\/2ga7-o?*->(m-l).£v2oo?-07*.j7"" 

. +(m-l). / 

therefore, substituting 

r . — = --07*''^\/2g07-o?* + (2m-l)g. f —y===; 

*V2ao?— 0?* •'*V2a«r— 07* 

Jr 07* 07*~*\/2ao?-o7* 2m-l r 07"~* 

f . r=g — h .a. / y ==:, 

a formula by which the integral may be reduced to 

Jr 1 0? 

r Fsin-^-. 

*y/9,ax — a^ « 

r«. 1 - (2i»-l)(2«»-3)(2i»-5)...8.1 ^ . ,07 

The last term = a* . ^^ ^^^ ^^^ V sin-^ - . 

m i»-l fii— 2 ... 2.1 a 

Cor. Suppose the value of the integral be when 07 s 0, 
and its value be required when 07 « 2 a. 

Then, since all the terms on the right-hand side vanish 
when 07 = ; therefore C « : and when 07 » 2 a, all the terms 

of the form 0?""* v 2ao?-o7* vanish, but Fsin"* — = it; 

2a 



TT-a"* 



07* 

\/2ao? — 07* 

l.S.5...(2w-3).(2m - 1) 



' = from 07 = to 0? ss 2a, 



1.2.3... (m - 1) m 



43. Let 
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du 1 



dof aT^Qaw-a^ 



I dz i 

Make « = -; •••^— = — ; = -«*; 
a; aw or 

du , du -«*+* 






where ^=-L. 



«» 



Now r =2g""Viy-/3-2(ffl-i).jC^"'\/iy->/3 

•^« V iy - ^ , ^ 

= 2i8«-*VV-^-2(m-l)./ — ^== + 2(m-l)./— =^; 

a formula by which the integral may be reduced to 

Example. Let wi = 2, or / -^ — , be required. 

Here w - l = 1 ^ 

... ^t* = C - 1 \/^. (xy/7^ + 2/3\/«-/8) 



^ V 2a v^ 2aa? a 2a<r / 



i 
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du af^ 
44. Integrate -j— = = . 

> V c \/ - + - ^ + ^ 



c c 



6 
LiCt ^ + — = ar ; 

b a a V ^ 

c c c ^cr 



and maidnir — = a. 






(^ - ay 



t^^^ 



and by expanding {x ^ a)*, the integral may be made to 

r ^ 

depend upon / > :. . 

•^^ V «* H- /if* 

Example. Let m = 2 ; 



^* y/a + bw + CX* \/c ^' \/ ii? 



and / = — i:l tl _ nl . h. 1. (« + v^± /3*) ; 
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^* y/a + 6ir 4- ca^ 2 y/c y/ c 



a 

2 



+ — 7=^ h. 1. (« + ->/«* ± /?) 

c \2 4>c c) V^ V8c* 2c/ ^ ^ '^^ 

/ 7 5 f2ca?-361 

J 4c^ , j 



36«- 



Sc^y/ 



4ac /2ca? H- 6 4- 2 \/c« V « + fca? + ca?^\ 

tt'^-H i-^ J 



_ du 1 
46. Integrate -;— = -- — . 



Let a? = — ; 






da? dx y/a9? + 6« + c ' 

which may be integrated by the preceding method. 

46. Lastly 9 integrate . — > =y which is met 

V c — a? \/2aa? — 0?* 

with in Mechanics, 



1 1 , la?1.3a?'^. 

x/c y/^ax-a^ ^ 2 c 2.4 c« ^ 
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' J , ,., =^ which has 

been found already. 

47. We shall conclude this chapter by proving Ber- 
nouilli^s series for the integration of u. 

Since Lu ^um- La -r-^ 

* aw 

. ^ du 0^ du , /. , ^u 

and Jt^:^- =— ^""i .t^J-i* 
ad? 2 da? ^ a^^ 

&C... s &C. 

cf du s? cPtt a?* iPtt 
•'' 1.2 dar 2.3 dj^ 2.3.4 dar* 

Ex. Let w = aa^ + 6a?* + ca? + ^ ; 

dtf • > 

.'. — ^ Saar -^ 2bw + Cf 
dx 

—^^6aW'h2b, 
dor 

d^u ^ , d*w 

— = oa. and --— * =s O; 
da^ ' da?* 

. .... Saa/^^2haf^+ca^ 4 fca;' aar* 

.\ Lu^aar+bar'\-car-^€af '\-aaf +—^ — 

•'' 2 3 4 

ax' ba? ca^ 

= — + ' — + — + ea?, 
4 3 2 



CHAPTER IV. 



IMTEGKALS OF LOGARITHMIC AMD EXF0M£NTIAI. FUKCTIONS. 

48. These functions are of the form X (log a?)", 
A". log F, X,ffy where JT, and Y are functions of 4?. 

49. Integrate f,X. (logw)\ 

Let f^X^P, j,pX^Q, and LqX^R. 

Then /. Jr Cog »)" = P(Iog *)"-«• /,i*. (log a^)""'.- , 

and /" - . (log »)•-• = Q (log «)-' - («-l) • jC Q . (log «)"-* . - , 

f^.(loga>y- = R Gog*)-'- (n - 2) ./,«. Gog<-'. -; 

&C. 

+ n. (n - 1) . i? . (loga?)"-^- &c. 
Ex. Jt a?" (log 0?)", 

/.^(logar)'^ "^^'^"^^^'' --^.j(;a^+..(iog^r-«.i 

a?*+^(loff 0?)" w . ^, ^ - 
= ^ ^ . Jia?". (log a?)«-S 



r X, V , /F"*+*(loffa?)""^ n-1 /. 
ta?"»(loga?y-^c= ^ ^ ^ .Xa?".(loea?) 
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and in this manner may the integral be reduced to 

r ^« as , if (n) be a whole number, 

w + 1 

and .% jitr"'.(log<»)* = {O^g^a?)* G®g^)""^ 

+ ^li^ (log .)- - &c. } ^ n.(.-l).(«-.)....2.1 ^,, 

Every term of the integral vanishes both when a? = and 
^s 1, except the last; 

^ ^ , from a? = 01 l,2.S....(n- !)• w 

50. Integrate f- — , («) a whole number, 

r -^ / '^' da? d.logar 1 

*/«(loga?)" (log a?)* atP .r 

— X,a I I da; 

" (n - 1) Gog a?)-' "*" n - r-' (loga?)-^ ' 

Let^Hf) = P; 
ad? 

" J^Qog wy " (n - 1) Gog ^)— ' ■*■ w - r •/, Gog ^)""^ ' 
and r ^ -P.^ 1 r Q 

^,Gog^)*"' (^ - 2) Gog ^)»"* "^ w - 2 ' ^,Gog ^r"' ' 

where Q = \ ; 

ao? 

r ^ _ - -X'a? Pa? 

" -4 Gog ^)'' ""(«-!) Gog^)""' "" (« - 1) (« - 2) . Gog^r^' 

Q.o? 



(n - 1) (w - 2) (w - 3) (log 0?) 



»-s 



- &c. 
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where Xx is a function of x^ which cannot be integrated except 
by a series. 



Example. 



!. 



of* 
(log aff ' 






1 



k2 



Oog xY Gog ^y 

-^"'+^ , ' r *'^ 
= -:j + (w + 1) . /- . 

log X Jg log X 

r or 

To integrate / -; *- . 

* ^, log or 

Let logti? = »; .'. a? = c*, and .r"* « c*'; 

^« log <» Jz z dz Jz z Jt z 

= log )!f + (tn 4- 1) . ar + ' ' + -— ^ + &c. 

^ ^ ^ 1.2-^ 2.3* 

(m+l)'logzF* im^\y(\offxf „ 
^log.loga^^(m-H)loga;+^ ^^^,^ ^^ AA^_S_1 ^&c. 



Cor. If »i = 0, we have 



Gog a?)' 



fl = log. logo? 4- (Vogx) + --^- + &c. 

» log J? 1.2 

51. Integrate f^a'.Xy X being a function of (a?). 

d . a' 
Since — r — = a' log a = Aa' \ 
dx 



a' 



X 
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Therefore, integrating by parts, 

X«e 1 rdX 






^ AX „ dP - ^ 
Let— -=i>, --=Q, &c. 



Example. Let J^ay^.o* be required. 

&c. 

m Integrate ^ = ^, 

X^ *(«-!) ^"* n-lVrcr"-*' 

•'• X"^ " (« - 2) a?»-* "^ « - ? ' Xa;--^ ' 

&c. 
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J* a' 

- &c. 



(n - 1) . (» - 2) . (n - S) . ^""^ 
and / — can be found by expanding a*. 

1+^0? + -—--+-- H-&C. 

T3, « 1.2 2.3 

For 

= - H- ^ H- + H- &C. 

OB 1.2 2.3 

/•«*,, . ^'^o?' ^»a?3 ^*a?* 

.-. / — = h. i. ^ + Ax H- + + 1- &c. 

JsX 1.2* 2.3^ 2.3.4* 

Ex. 1 . Find f — log (a + hx). 

^x X 

log (a + bx) « log a (l + - a?) « log a + log (i + — or) 

CT' fit 

- /6 6V 6V 6*0?* \ 

= loga+ -4?--— + -— -— 7 + &C. ; 
V« 2«* 3a^ 4a* / 

— log(a + hx) = logo^.loga 

(h 6V 6W fe*af* \ 

Va 2^ a* 3*a^ 4*o* / 

Ex. 2. Find j^a?*'. 
^»» = 1 + nj? logo? + ^^ ^_jL ^. i «_jL + &c. 

^ 1.2 1.2.3 



x 2 
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n^ 






«' 






The integration of the terms depends upon /.r" (logd?)"*. 

/pW + l U2 

Now /a^ . (log a?)" = . {(log^)"" • Oog^)""^ 



m . (m - 1) 

■^ (m + iy 



. (log jf)*-* - &c. ± — ^ ^-j^ — -p } ; 



•• A*logar=~.(loga?^-^), 



^ i 2 . ll 

f,x'\o^w = — |(log«)* -flog* + -^J, 

^4 r 3 2 3 2l 

£(^logd?)» = - JGoga?y - iGog^)* + -^ (log.r) - -^^ 

&c. 

and arranging the terms according to the powers of log «^ 

. . no?* w^a?' «*a?* «*a?* 

^ 2* 3^ 4^ 5* 

^a?^ naf^ n^ar' ^ \ n^(loga?y 



r + -^ - &c. — ^ 

\3 4* 5^ /I. 

/a?* war* w'ai^ \ n'(]ofi: 

\4 5'^ (? / 1.2. 



+ &c. 
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Cor. Since af^ (log <r)* vanishes both when a? = 0, and 



X- 1 



- from J? = o] n n^ n^ r^ 



and if n s 1, 



r 1 1 1 1 1 « 

La?' = -+-_---+--- &c. 

•" 1 2* 3^ 4* 5* 



between the same limits. 

This lust integral gives the area of a curve, of which the 
equation is y = .r*, included between two ordinates, each = 1, 
one drawn through the origin, and the ptber at a distance = 1 
from it. 



CHAPTER V. 



CIRCULAR FUNCTIONS. 

63. These are of the form 8in"0, cos"©, (sin©)" (cos Sf, 
1 



(sin ey 



, &c., and X . sin'^o?, where ^is a function of w. 



Almost all these functions may be integrated by parts, 
and may be thus reduced either to known or to more simple 
integrals. 

These are 

. ^ ^ 1 11 1 1 ,1 

sm©, cost^, — — , 7 — ^>— 7^, ^ . ^ 8 -r~^, and -. 

cos^d tan© cot© cosdsind smd cosd 

(1) J0sin0 = - cosd, 

(2) ^cos0=sinfl. 

(3) [ — ^ - tan 9. 
• V r 1 fsind _ , 

(4) / = / = - h. 1. COS0. 

^ ^ JetAn 9 Jeco39 

XV r 1 /-cos© , , . ;> 

(5) / = / -T-— = + h.l. sin 9. 

^ ^ Je cot 9 Je sm 9 



54. Integrate -r-^, — ^9 and — 



sin 9 cos 9 sin 9 cos 9 
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/• 1 ^ rsind ^ r sind , r I sing sing \ 



sin*- 



(2) 



-*'-'{^id)-i'--^-'^'-('"')- 

cos"- 

jesinf^-gj yasinf^ + gj 

= f - — 7 = h. 1. tan 2 - h. 1. tan ( ~ + — ) 
J4> sm 2 V4 2 / 

^^^ ^9 sin e cos g ^ -/e sin 20 '"' iie sin 30 ^ ' * ^^^ ^* 



55. Find /^ JIT . sin~* Wy where ^ is a function of (ar). 
Make f^X ^ P^ and then integrating by parts, 

r . . r ^ 

^^. sin"* a? as Psin"^^ - / ~ / » 

c ^ 
and / y has been integrated. 



Ex. r y 1 sin"* a?. Here P = - \/l j^% 

Similarly may j^ JTcos^^o? be integrated. 
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56. To integrate -r- = JC tan* ^ a\ 



Let /, Jr = P; 
.•. I, X tan ~^ w = P tan ~ ' .r — , / . 

tan""^a? be required. 

/• ^ - 1 

.•• / 5 tan~^ ^ as (a? - tan"^ a?) tan"* a? — JL (jr - tan'^o?) r 

= ( a? - tan"* 0?) tan"* a? -h. 1. vl -h ar + ^ 

"= {a? -^ (tan-* a?)} tan"*a?- h. 1. \/l + a?*. 

57. Integrate -— : = sin"^. 

Integrating by part^, sjnce sin" = sin*~^ d . sin d ; 
.-. JS sin" = /sin"-* 0. sine 

» - sin"-* . cose + (« - 1) . J6 sin"-* cos*fl; 
and putting 1 - sin* for cos* 
= -sin"-*0cos0 + («- l).^8in"-*0-(«- l)J&8in"0; 

. . sin"-* 0. cos »- 1 - . ^ . _ 

.-. fy . i^m" = 4- to sin"-' 0y 

n n . 

a formula by which Jq sin" may be reduced to - cos 0, or 6, 
according as n is odd or even. 

Ex. jj(sin»0) = + -.>sme 

sin- d . cos 2 _ 

Bs — - cos 0. 

3 3 
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du 
58. Integrate — = cos" 0. 

du 

f^ CO8"0 = /COS"-^ 0.CO&9 

= + cos"-^ sin 4- (» - 1) . fe cos"-*0 sin*0 
= cos"-' e sin0 + (n - l)/ecos"-''e - (n-l)^cos»0 
cos"-' sin© «-l - ^2^ 

sr + to cos" *e, 

a formula by which je co^" ^ ™*y ^ reduced to sin 6 or 0, 
according as n is odd or even. 

^ /. , ^ cos^ sin 2 

Ex. Ji cos' = + - > cos 

cos* d sin d 2 . ^ 
-f - sm 0. 



59. Let 



3 3 

di^ 1 



dd (sin 0y ■ 

Since sin* + cos* 0-1; 

r I r sin* + cos* 

'• "^^ JeJ^iMr^ Je (sin 0y 

r I r co8*0 

" Je (sin e)"-* "*■ ^e (sin 0)" ' 

r cos* cosg ]__ r sing 

X (riire)"" " ~ (« - 1) (sin 0)"-' »-.l-/0(sin0)"-'' 

cose / 1 W 1 

••*'""■ (n-l)(sine)"-' "*" V n - 1 ;^i> (sin©)-'^ 

cos » - 2 r 1 

= "(n-l)(sin0)"-' "*"w-lV6(sine)"-*' 

a formula by which (n) may be diminished. 



330 INTEGAAL CALCULUS. 

Ex. Let M = / — : — ;r-r bc requited ; 

J^ (sm Gf ^ 

therefore here « = 3 ; 

Jr 1 COS0 1 r * 

e (sin Gf " ~ 2 (sin fl)'* "^ « X 5n^ 

cos / »\ 

60. If -— r s= — - then, as in last article. 

dQ (cos0)" 

/•I /• sin* • 

^"^e(cos0)»-«'*" ^(cose)"' 

/• sin*0 sin0 ^ C cos0 

*^ X (cos 0)» "^ (« - 1) . (cos 0)-' " n^lJe (cos 0)—* ' 



sin n — ^ r 1 

'• ^ " (n - 1) (cos0)"-^ "^ ^STT 7a (cos0)"-> 



61. Let -^ = (sind)"* (cos0)" m and w both integers, 
du 

(sin 0)- (cos 6)' = (sin 0)' cos (cos 0)"-' ; 

... /, (sinflr(cosg)».. ("°^>'''^7^>'" -H^ji;(siner^»(cosg)'-' 

(sind)'"+*(cose)*"^ »-l.^ . 

^ ^ "^ ^ -4- ^{^(sin0)"'(cos0)- *-^(sin0)"(cos0)*}; 



m+ 1 WI+ 



f» -f n (sin 0)"+i (cos 0)-^ 



/ w-l\ w-fn (sm t^)"** (cc 

... (i+ ]u^ u^- ^ 

V m + lj w + l w+1 



n- 1 



+ . f (sinOT (cosey-'; 
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(sin 6)'" + ^ (cosd)--^ w - 1 rrn^m, nx« . 

.-. M = ^^ — - — ^^ — - — + . /(sm 0Y (cos ey'-\ 

a formula by which the integral may be reduced to 

/e (sin d)", or /o (sin QY cos 0. 

Ex. Let m = 3, and n » 2 ; 

r/ • ms 2/1 (sin0)*cos0 1 . 
.-. /(sm Cy cos* Q = ^ ^^ + - • ye (sm 6)' 

5 5 

(sin 0)* cos (sin &f cos 2 cos 

" 5 375 " 3.5 ' 

substituting the value of /e (sin Of from Art. 57. 

du sin*0 
62. Let— «—_ , 
d0 cos" Q 

sin"-^0sin0 (sine)--' i» - 1 r(sind)"-» 



^" Je (cos 6»)» " (« - 1) . (cos 0)-» " w - 1 Je (cos 0)~-» ' 

a formula by which the integral is easily reducible to a known 
form. 

Let m = 3y and » = 4 ; 

^ r jsiney _ (singy 2 r sing 
'' ^ "■ ya(cos0)* "" 3(cos6iy 3 • Je (cos©)* 

(sin ey ^ 2 1 
"'3(cosdy ~ 3'cos0 

(cos0)'| 3 3 j 
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otherwise thus, 

/• (sin 6y _ r sin . (1 - cos' 0) r sinO r sin B 

Je (cos ey * Je (cos 0y ^ Je(cos0y ^ Je (cos Oy 

^i._l 1 

^ cos* cos 

1 



COS*0 



. {^-cos^e} 



-sis}''"'*-!} 



63. Find jg ff^ sin d. 

j& 6" sin = - 0" cos + n . /^-> cos 0, 
/e 6"-' cos = + e"-» sin - (« - i) /^ d""' sin fl, 
j&0-«sin e = -e"-2cose + (»-2) j&e-^cose, 
&c. = &c. &c. 

ji^ sin = - 0» cos e H- n^-* sin + « (w - 1) ^"^ cos 
- n (n - 1) (n - 2) 0""' sin - &c. 

ft 

CoR. Similarly may j^0* cos d be found and shewn to be 
« e» sin + «0"-> cos - « (« - 1) 6"-* 
sin - w (« - 1) (« - 2) e"-3 cos + &c. 

64. Integrate sin fn0 . cos nd, sin md sin »d, and 
cos m0 . cos n0. 

Since sin ^ . cos jB s: ^ . Jsin (^ 4- fi) -H sin {A - 5)} ; 

.'. sin m0 .co&n0^\. {sin (m + n) d + sin (w - n) 0} ; 

^ , . ^ vvv 1 f cos (m + n) cos (m - n) 1 
.\ t (sm mo . cos n0) = - A . < ^^ — 4- ^^ — > . 
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Also since cos mO . cos w0 = ^ . {cos (m + n) d + cos (m - n) d^ , 
and sin mO . sin nd « ^ . {cos (w - ») - cos (m + w) 6| ; 

. r r a ml i^^^ (*'* + »») ^ sin (m - n) 0] 
.-. h (cos m0 , cos n6) = * . { ^ ^— + ^ —} , 

AC/' /I • /ix , f sin («> + «) sin {m - n) 0) 
and k (sm wi0 sm n0) = - * . < ^ ^ ~\ . 

66. Integrate (tan d)", and (tan 6)**, 
(tan ey = (tan 0)""« {l -f tan* - i } 

• y*v o ^ • tan 
= (tan 0)"-* --T^ (tan 0)"-« ; 

.-. /, (tan 9r = ^*^ ^r' - J& 0«n ^)"-^ 



m — 1 



J& (tan 0)-« = (^?^^ _ jj (ton 0)«-«, 



&c. &c. 

■•■ k (tan 6Y = ^^° ^>""' - ^^ ^>"" ^ ^^ ^>"-° , a:c 

m-1 ^*-S i»-5 

a formula by which the integral may be reduced either to 0, or 

- ^ r sin 

fc tan d s / = - h. 1. cos 0. 

^ Je cos 9 

Ex. J5i (tan $y ^ ^ - /e (tan 0y, 

^(tan 0)' = tane '- f^{^] = tan 0-0; 

tan^ 
.-. Je (tan ey = tan + 0. 
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I 

\qq r I r 1 + tan* d - tan* e 



Je (tan 0)" Je 



(tan ey 

d . (tan 6) 



_ f de r 1 1 r 1 

•^^ (tan e)" ""^©(tanfl)— »* (w-l) (tan0)"-''"7a (tanS)"-' 

*"^ X (tan 0)— * " " (m-S)(tan0)'"-» " ie (tan©)—*' 

Je rtan 



6 (tan e)" (m - l) (tan 6)"-' 

1 1 

"^ (m - 3) (tan 0)—' " m - 5 (tan 0)"-* 

a formula by which the integral is reduced to d, or 



+ &C. 



r -^ = h. 1. (sin 0). 
Jb tan ^ ^ 



67. ^c"' sin A a?. 

do 
Integrating by parts, and making p^sin kx^ and — = e^', 

dec 

in the formula fmP :r' ~ P9 ^ f*9 j 9 ^® '^^^^ 

a/r dof 

r «. • , c"' sin *a? A . „ 

/,e°'sm Apa? = .Le^'coskw (l), 

a a 



and 7, c^* cos Ao? = + _ . ^ c*" sm A;a?. 

k 
Multiplying by - , and transposing 

A* ^ ^^ . , k&**coskaf k . 

— .^««'sm A«« 5 + -.i;e«'cosA:a? (2). 



CIRCULAR FUNCTIONS. 335 

Adding (l) and (2), 

(l + ^) U' sin ka> = («-«i°*^-*cosfc.)e«- 

r «* . I (a.sin Ara?- A?cos Aro?) 6^* 
Similarly, /, ^' cos kx = (^>co« ^^^ A: sin ^ e- 

68. To integrate -- = -. 

dof a + o . cos w 



w 

1 - tan* - 

2 



1 + tan' - 

2 




Let af = tan - ; 

2 




.•. cos w = -; 

1 +«* 




4« d«f 

.-. sm w = . 

(1 + si?Y dw 




But sin Of - \/ 1 - I "" 1 - 

Vl + ss^l 


9,z 


1 +«• 


dss (1 + ^) 




dx 2 




1 du l-^ss" 




^l-^ dz' 2 ' 
1 4-«^ 




dt^ 2 





dz a (1 -f J?;*) + 6 (1 - «*) ' 
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(l) Let a>b; 

du 2 2 



d« a -\- b -{- (a — b) SK* a + 6 a — 6 , 

1 -h . «^ 

2 ^ A + 6 , / ^ /a-bX 

i^a^b a-b \ a-\-bJ 



2 . t /« - ^ 

tan"* < \/ r . tan 






>v/o2 - 6* I « + ft 



(2) Let o < 6 ; 



df^ 



d» (6 - a) 6 + o 

fe-a 



«* 



.-. tt = - . V I n. 1 7 — 

5- a 6 + c AyA+a 



JT 



6 — a 



v6+a -f \/A — o. tan - 

1 2 

— -^ -,« h. 1. ■ ■ 

V6^-o* /T /T a? 

VO + «— vft — a. tan - 



2 
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Similarly may f -— : — be found. 

J»a + b sin X 



sin tV • , /• cos J? 



Also / ^ — , and f 

Jxa -^ b cos A' Jra + 



b cos X 
d . cos a* 



/• sin J? 1 / d^ 1 

ror / r / , = - - . h. 1. (a -\-b cos ^t), 

•/j. o + 6 cos X b J' a -^ b cos .r Z> 
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COS w /* a + 6 cos d? — a 



r cos Of ^ ra-^o cos a? — a 
J»a + b cos ^ J»h {a-^-h cos a?) 

/•fl a 1 j war 1 

^* \6 6 * a + 6 cos w] b hJ^a^h cos a? * 



And to integrate . Let tan a? -« « ; 

a + 6 tan^ 



d« 



d«f 1 4- «* ' 



J^a-^htajix •/* (1 + «^ (o + 6») ' 
which must be integrated by partial fractions. 



CHAPTER VI. 



APPLICATION OF THE INTEGRAL CALCULUS TO DETERMINE 
THE AREAS AND LENGTHS OF PLANE CURVES, AND THE 
VOLUMES AND SURFACES OF SOLIDS OF REVOLUTION. 

70. Wi: have seen in the Differential Calculus, that if 

y =f(af) be the equation to a curve, and A the area of a 

dJ 
portion JNPy that -— - = y =/(«). 

Hence, where the equation to a curve is given, its area may 
be found by finding the value of j[^/(^), and this integral may 
in general be found by means of the rules given in the pre- 
ceding Chapters. 

If the equation to the curve be between polar co-ordinates, 

, dA r' . , r^ 
then — -r = — ; .-. ^ = / — . 

It is frequently convenient to put yssf(^x)y i.e. to sub- 
stitute z for (f> (/v) ; but then, since 

dA dA dx dx 
d« doc dx d%^ 

f, dw - dx 

71. Again, if 8 represents the length of a curve, of which 
the equation is y ^/(x). 



da / dtf^ 

«^°^^ d^= vi + ^; 
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•••* = /^/^ 



dy 



where — must be found from y =f(ai). 

72. Also, if V and S respectively represent the volume 
and surface of a solid of revolution, since 



dV dS 

_=.y«, and- = 2.y 



-y^- 



-•. V^^vf^y'y and S ^^7r.f^y\/ 1 +-^. 

73. A constant must be added to each of these integrals, 
the determination of which depends upon the nature of the 

particular problem. 

» 

As an illustration, let the 
area ABD be required, the na- 
ture of the curve JNP being 
known by the equation y^fijc)^ 
where AN-w^ and NP^y. 

Let AS = o, and ANP^ A ; 
dA 



dx 



= y=/(^); 




.-. A^ANP^f,f{ai)^<p(ai)^C, 



0). 



= 0; 



Now to find C, we observe that if .r = the area 
if therefore at the same time (^p) = ; .-. C = 0, 

and ANP = ^ (a?), and ABD = (o) ; 

the same result as would have been obtained had we successive- 
ly put «r « and «r « a in equation (l), and subtracted the 
former result from the latter. 

This process is called integrating between the limits of 
J7 s and x^ a. 

Y 2 
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To take a second instance, let the area DBCE be required 

where AC - 6; putting a for x in equation (l), 
« 

area ABD = ^ (a) -f C, 

and area ACE = (6) + C ; 
.-. area BDEC - (6) - (a). * 

Hence, if the value of an integral u^<f> (w) be required, 
between two values a and 6 of a?, omit the constant, and having 
put a and b successively for tv in <f> (<v), subtract <p (a) from 
0(6). 

This is called integrating between the limits or values of 
0?, a and b, and the integral so found is called a definite 
xniegraL 
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-^ 7*- To find the areas of curves, or to integrate the 

function 

dA dA f» 

= y, or 



dx 



de % 



Ex. 1. To find the area of 
the circle. 

CN^a:\ 

.-. area CBPN = /, V^^^^. 



But CBPN is a circular area, of which the cosine is CAT, 
and radius = CA. ^ 

Hence ^\/a*-«*« a circular area, of which the co«Hie « ar, 
and radius (a). 
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Again, let AN^x^ then NP ^y^y/^ax -o^\ 

.-. ANP = jCy = ji\/2aa?-a?*. 

But ANP is a circular area, of which AN is the versed 
sine; 

.'. f^y/^aw -^a? = a circular area, of which ver-sin = x. 
Resuming the expression for CBPNy we have 

CBPN^L\/^^^ fj ^'^^ ^ f ^' . f ^ 

•^'x/a'-a?* •^,\/a*-a?* •^*\/a*-^ 

.2 






= — . sin-^ - + — 
2 a 2 



a^ . , 07 



= -.sin-^-+ aCPAT; 
2 a 

o^ . ,0? a.BP 

.-. CBPJNT - CPJNT = sector BCP = - . sin"^ - = . 

2 a 9, 

Cor. Since CBPJNT = - . sin""^ - + ^ 



let 07 = a ; 



a 2 



a* -TT 7r«* 



.•. area of the quadrant ACP = — — = 



2 2 4 ' 



therefore area of circle = Tra*. 

(2) To find the area of an ellipse. 



Here y = - \/a^ -a?* ; 



2» 
a 



» ,r— — — — A 

,•. A = Ly - - . Ly/ c^ -c? = - . circular area cos = a? + C 
But A^O when a? = 0; .*. C = 0; 
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.'. -4 = - X circular area cos = a?, and rad = o ; 
a 

therefore whole ellipse 

= - X circle radius a, = wo? = irah, 
a a 

^ (3) To find the area of the common parabola. 

area =. jiy = 2 jC\/OTa? = 9,^/m.\ar ■\- C. 
And area = 0, if a? = ; .-. C = ; 

4v/w . y 

.'. area = a?* = 1 2 v w*<r . a? = = yar 

= I of circumscribing rectangle. 



•N (4) To find the area of the Witch. 



2o > 

y = — V 2aa? — a?*; 



s/^ax — oe^ r 2a-a? 



.-. area = y,y ^2a = 2o / ==. 

♦ , ^x a, •/* y^2 ax - od^ 

= 2a<v 2oa? -a?^ + a ver-sin~* -> + C 
And area = if ^ = ; .•. C = ; 



.-. area 



= 2a<v 2aa? — a^ -^ a ver-sin"^ ->. 



Let 0? = 2 a ; 
/. area = 2a x a. ver-sin"'^(2) = 27ra^ = 2 area of circle rad = a. 
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V 



(5) . Find the area of the hyperbolic lector CAP. 
Sector CJP^^ACNP-sLresi AN P. 

Let CN^w 

^ ATP = j5 = - /. vV::^ = - . / -^=== 




= -•{^^07* --»«-/, Vy^'-»*h.L(a?+\/a?*-aO} 



= -.<-\/cr'-o* .h.l.(j7+\/a?*-a*)> + C, 



end = . h. L a + C 

2 

For ANP =; 0, if a? = a ; therefore, subtracting 

ha , , /a? -h \/a^ — a* 



.,^^ «^y hd . . (i 
ANP=^ — .h.l. - 

2 2 V 



a 



) 



ACATP 



,\ sector CAP ^ — ,h. 1. (-4^7). 

• 2 \a b) 



X -h \/a7* — d 



a 



)' 



'V' (6) Find the area of the 
portion PNMQy PQ being an 
arc of the rectangular hyper- 
bola. 



Here v«v= — • Let CN^a, 
^ 2 . 

and CM^fiy 

r w = — / - = — . h. 1. a? + C ; 
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.-. PQif JV = - . (h. 1. /3 - h. 1. a) = - . h. 1. (^], 
and sector CPQ= area CPQM- A CQM::- CNP+ PNMQ-CQif^ 



.2 



■\ 



But .- ?^ = -; .-. CNP^ COM; 

2 4 

.-. sector CPQ = area PNMQ. 
(7) Find the area of the dssoid. 

Here y*=- " ■ ; .-. y « y — ==^f 

i 



.-. area = j(;y= / . 



= — 2y/2a — ^. j?t + S. ff,w^y/2a — x 
s= — 2\/2a — 07.* +3. Jtv^aa? —07* 

s - 2 o?\/2 ax''a^+ 3 circular area ver-sinor4- C, 

from 07 = 0, to 07 s 2a, 

Tra* 5x , 
area = 3 . = -^ a*- 

2 2 

'A (8) Find the area of the cycloid;. 

Measuring from the vertex, 

dy \/2ao7 — 07* 

d07 07 

area = Jty = yo?-Jto? — 



o?* 



= y^ - Jt \/2ao? — 
= yo? - circular area ver-sini =s o7 -i- C, 
from 07 s 0, and .*. y = 0, to o; » 2a, where y » ^ra^ 
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\ 



Semi-cycloidal area «2iro*--Jiro*as^ wa* \ 
.'. cycloid s Sira^ » 3 . area of generating circle. 

(9) Area of the conchoid, 
AB^h, NP^y, 



Now 



d^ dJ dy 



dA dA dx 




dw 



dx 
dy 



dy dx ' dy ' dy' 



and a? = (- + 1 ) y/^ - y^j 



y«^6»-y«' 



^ 



dar /• o6* /• y* 



yy/W^ ^V^ftTI? 



as C — a6 . h. 1. 



. + - Vfc* - y* sm"^ 7 , 



4*. area 



and = C . — , since area = 0, when «/ = 6 ; 

2 2 ' :f 

2 \2 6| V6 + a/6»-W 2 * 



which is infinite, if y k 0. 
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(10) In the common pa- 
rabola to find the area JSP- 

SA = a, /.ASP ^6, 

SP = r, 

2a a 

2 



r = 



1 + cos 



cos* — 




••• ^*P = /eir*=^. 



2 



Je COS* - . Jg 



9 2 



COS 



2 




{, + tan« I) 



= aNtan- +^.tan'-> + C, and C=0, 
since the area = 0, when 9^0; 



.\ area ^aSP 



= a* Uan - + 4 . tan^ -I . 
I 2 ^ 2j 



\ 00 



Find the area of a portion of the lemniscata. 

* 

Here r* = a* cos 20 ; 

€b (It 

.-. j&^r* = -.^cos2d = — sin 2& + C 

2 4 

» 

There is no area when = 0; .\ C^0\ 

.\ area = — sin 20. 

4 



Let = 45^ ; 



a* 



.-. ;Jth of lemniscata = — ; 

4 

and therefore area of lemniscata = 



a\ 
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(12) Find the area of the spiral of which the equation is 

r = a0*. . 

If ^ be the area, -^r^ = ^ ^• 



But 



de 

dA dj dr 

le"~di^' de' 

li^ "'de' dr'^ dr" 



dr 



Here 



- 0'' 



de 1 \ 



n-' 



dr 



na!" 



' ' ^J' dr ^ !.'•' ' 

or area= -. ^.r ^ + C, 

2na" 

and C = 0, if area = 0, when r = 0. 

Cor. Let n = 1, or the spiral be that of Archimedes ; 

.'. area = -— . 
oa 

r 
\ 

But if R be the value of r when = 2 tt, 

i? 

o= — -; 
27r 

27rr^ Trr* 
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At the end of the first revolution r « iZ ; 



B^ 



IT 

therefore area of spiral in first revolution s — 



To find the area after two revolutions of the radius vector 
we must find r when = 49r. 

R 

Now r = — = 221. 

But before r » 2 J{, it will have made two revolutions, and 
therefore have twice generated the area from r = to r ^ R. 

Consequently we must subtract the area described in the 
first revolution from that in the second ; 

ir.{^Rf wR" TirR" 

.*. area = --r^ = . 

SR S S 

And area intercepted between the arcs of the first and second 

revolution = = 2ir/r. 

S 3 

At the n^ revolution r = nJ?, 

(»-l)^ r=(n"l)R; 

.'. area after n revolutions = - . ^ 



3 R 

wR" 



^n^ - (w - iy\ . 



JJ2 

Area after (n + l) revolutions = {(n + l)' - »^} ; 

.'. space between the arcs after (n+i) and » revolutions 
= !!J?!. {(« + !)» + („_ i)» _ in"] = — . 6n = gnirIP 

3 3 

B n times the space between the first and second. 
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(13) Find the area of the curve of which the equation is 

y* — Saivy + 0^ = 0. 

If the curve be traced there will be found a nodus as 
APMQj to which the axes Ay and Aw are tangents. 




Let y^wx\ .*. «r « - a tan PAN; 

w 

Sax Sasi? 

.-.4?=;——-, andy=- — 3, 

And since a? is « 0, for each of the branches APM and AQN, 
this will happen if jit » co or » 0. 

dA dA dw dx 
Now "T" - T" •^~ = y*-r-» 

, d^ _ 3g. {1 -fjy^-g ga^ 1 - 2«3 

^"^S;^" (l+«3)- ^^''OT^'' 






^9a* 



(1 + «»)' 

/•f«*[l-2(«» + l)+2] 



(1 + «')' 



y, 1(1 + «»)» 7. (1 + «»)»/ 
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^ 3a* , ^ y 

Let %-0'y .'. C = , and let «i = - at M; 

2 a; 



.'. area 



.^., 5o o f 1 1 2 1] 

Again, integrating between « — cq and ir « ^i for the branch 
APM, 



area 






.*. the nodus APMQ = area APMm - area AQMm = 



3a 



» 



(14) 



Find the area of the evolute of an ellipse 
where CAi = a, and CBi = /3. 












''^--//..v'^ 








^r- 


i^' 








c 


X 




_ 




- -5 






u->- 


.yv 


,1 


v/i^ 


;<*- 


4 




f 


;/-/ 


Yi 


"2. 


■ ^ "/(/* 


rr 




Let y ss wx; 






t 
.i 



.'. «ra = 



a* - a 
-, where c = -^; 

1 + (czy P 



X s 



{i + (c%y\^ 



— , andy = 



az 



1-. 8 



{1 + M1' 



For the arc BiA^ the limits of x are O and a; .-. of )^, are 

CO and 0. 
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__ dA dA dx dx 

Now — -= — -_ = y._, 

dz dx d% d% 



_ dw ac^x 5 

and —- = - 



• • -« = A y • :7- = - a' / ^ 



C ^f (1 H- «*)* 

and /•_!:! ^- + i r ^ 

Jv (1 + «»)» 4 (1 + vy ^ ^ X (1 + v^y 



1 ■ tJ 



^^^ fz ?:i = i r+i.tan"^v; 



•# 



frbm iif = 00 , that is from v i= oo, 
to a? = to i> = 0. 

Area BiCA. = , «-- . ^ = -^ ; 



therefore whole area = 4 . ByCA^ = -7ra/3 

8 



3 a*-62 


a« 


-6" 


= -TT X 

. 8 a 




h 


3 {d'-'by 
8 ah 


• 


r 
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THE LENGTHS OF CURVES. 

75. To find the lengths of curves, or to integrate 

d^' Vl+55.wheny./(a,). 

Ex. 1. Find the length of an arc (measured from the 
vertex) of the common parabola. 

dy 2m dt^ 4m^ m 









m 
y/ X 



tn fn 

a?+-- 



2 I , 2 



fnx 



w , . ^ HI 



= Va7* + mj? H — h. 1. (a? + — + \/a?* + fnx) + C, 

2 2 

a= ••..•. 0...H h. 1. (— I +C 

2 V2/ 

Since « = 0, when j? = ; 

2\/^ 



y-- m /2ar-|-iiH-2 V^ + *'*^\ 

.'. « = V ar + ma? H . h. 1. I ) . 

2 \ wi / 

Ex. 2. Find when curves included under the general 

m 

equation y » a^" are rectifiable. 



i»-f» 



dy f» ^!^ 
ad7 n 



.'. «= / v^ 1 + — T"*^ * ' which is integrable, 
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(l) When — — is an inteirer = r, 



m 1 w 1 2r + 1 

or 1 = — , or — = — -H 1 = 

n 2r n 2r 2r 



(2) When ' + ^ = an integer = 9, 



m 1 m 2q 

or 1 = , or 



n 2^-1 n Uq — I 

Let r = 1, 2, 3, &c. g= I5 2, 3, &c. ; 

m 3 5 7 m 2 4f 6 

— =-.-,-, &c. and — = -,-,-, &c. 



(S) Let — = - , or the curve be the semi-cubical parabola; 
n 2 

.*. y =s ««»', and -r - — ^ = "~7= 5 "V putting v <? = — ♦ 

dw 2 vc •'*«=' sa 



r / ^ 1 - / 12, \i X, 

1 2 
But if « = 0, .1? = 0; .-. C= 7=r -cl; 

(4) Find the length of the cycloid. 

dy ^ /2a — w 

/ = V ; 

do? w 

dy^ 2a — Off 2 a 
.-. 1+--^=1+ ^=— ; 

Z 
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• 



and C B 0, since « = when /r = ; 

therefore « « 2 y/^ax « twice the chord of the arc of the 
generating circle, corresponding to^ the arc of the cycloid. 

Hence the cycloid is rectifiable. 

And if J? ss sa, « s 2 y/^c? s 40, 

or the length of the semi-cycloid = twice the diameter of 
the circle. 

(5) Find the length of the arc of an ellipse. 



dy h X 



Ax a y/a^ — a^ 



.-. expanding y/l - €*«* by the binomial, 
-^\/l -«* * 2.4 2.4.6 * 

f 

*V1 - 






If the quadrant be required, we must integrate between 
the limits if ^ « and ^ » a, or from z^O to ss^ly but 
then 



/ 



g^' TT 1.S.5 (2n-l) 

y/l -^ 2' 2.4.6 2n 
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3 



/- jg* «• 1 . 3 . 5 

•4\/r^ 2 2.4,6' 

.*. also / — . I as -; 
•/» \/l - «^ 2 

therefore elliptic quadrant 

Tra, 1^ I.S4 1.3^. 5- „ i 
2 ^ 2« 2«.4« 2^4^6- ^' 

a series which is rapidly convergent when ^ is a small fractioiit 

(6) The length of the elliptic quadrant may be found by 
circular functions* For since ^ is always < a, 

b J 

Let ^sacosd; .\ y ^- v a* — a*cos*0sB6sin0i 






* ^« ^^*- ^t 



Also ^ ^ V 1^ "^ 5^ " v'«'8iti«0 + ft'co8«fl s '-^t 



Bijt M lui 



= V a^ - (a« - 6*^) cos- Q 

=ajl-i€*co8*0--l-€^cos*0- -^—^^cos^d-fecK 
^ * 2.4 2.4.6 ^* 

which must be integrated from 0^0) to = — . 

Now ^cos*" d- + sin0.cos^*"^0 -I- (2n - 1) .^ cos^""* Q . sin* d 

sindcos^-^e 2n-l - ^ ,^ 
2n in W 

z2 



1 
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and sin 6 coi^'" * « 0, when 0=0, and & = - ; 

2 

.•. calling Jq cos*" = Pg, 

2» - 1 

-«2ii *= T • -*»«-2> 

2n 



• 

P, = ^.P. = |0«^^from0 = Oto0 = -; 

p _ (2n- l).(2w-3) 3.1 V 

*""" 2«.(2»-2) 4.2 i^* 



.-. /ecos«0 = j^.^; /^cos*0 = ^.^. 



to cos** = . — &c. ; 

•'*^ 2.4.6 2 



va ,^ 1 « l.S . 1.3*. 5 . 1.8*. 5*. 7 

2" 



^2* 2^4^ 2*.4*.6-'* 2*.4*.6*.8* ^ 



(7) Find the length of a hyperbolic arc. 

ft /-I i <^y ft ^ 



a dx a' y/a^ — a* 



and as ^ is to be taken from d? s a to «r s 00 ; 

therefore z must be taken between z ^\^ and i^r s x ; 
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/ 1 

But a I \/ — =ae I " , 

r e« I 1 ^ 1.1 1 1.1.3 1 

~"i.V'«»-rV~« (ci)« ~27i'(e^* ~ 2.4.6' (e»y 

1 . 1.3.5 1 „ 1 

2.4.6.8 (ezy j 

whence, after multiplying every term of the expansion, it 
appears that every term except the first depends upon the 

integration of / > , when m is odd. 

r 1 1 \/?^^ 111-2 r 1 _ 

and ; — vanishes both when ar ss 1, and ar = 00 ; 

r 1 m-^ r ^ from ;8f = 1 1 

y , = sec"^ s? = — from ^ = 1 to iJf = 00 ; 

z\/x^ - 1 2 

., r ^ 3 r ^ 1.3 v 

r ^ - - r ^ _ 1.3.5 TT 

^^^ ^ ar^\/?^ "" 6'./ s^ \/s^ - 1 "■ 2.4.6*2 ' 



&C. s &C. 
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r ^ ira ,. 1 1.1 1 

J y/9? -1 2 ^* e 2*.4. « 



3 



l.l.S* 1 1.1.S*.5* 1 
Now the equation to the asymptote is y = — ; 



,% length of asymptote = \/ /r + --— « ap \r |p^ 



8 I 1.2 



But 



oey > ■ =ag\/g^-lgggg from »=1 toiirsoo • 

If therefore ^ be the length of the asymptote, wd ff 
the length of an infinite hyperbolic arc, 

f^_Tra . 1 1.1 1 1.1,3* 1^ 
1 . 1 . 3*. 5* 1 . 

(8) Find the length of an arc of the logarithmic curve, 

dv 
Here y = a*, and — - = Jff = -i . y, 

- ds da dx y — 1 

dy dof' dy Ay^ 

< 

and * = if y=l; .% C=- -^^ — rh.l. 7=7s? 

A A l + \/l + -4* 
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... , = _ I ymv - v^TTl^ + h. 1. L Y^^T— 1^^ J} . 

(9) Find the length of an arc of the Lemniscata. 

c J d^ 

r* « a* cos 2ft and « = /Vl+r*-r-r. 

•/f» or* 

Now -r = a*8in2d.-- = a* V 1 .— = y^a* - r* . — ; 

or o* dr dr 

rd0 -r* 



<^^ \/o* - r* ' 
dfl^ a* 



.% 1 + r* 



dr« d^^i^" 



,-. « = / y- = a . / —7 , if r#t= «fa 

Jry/a^ - r* •'^Vl - i^ 

Jz Vl -«** ^ 2.4 2.4.6 * 

Let the integral be required from ^b 45° to = 0; i.e. 
from r = to r = o, or from » = to » = 1 ; ^-^ ^ ^ ' ^' 

f ^ l.S W A C ^ 1 .3.5 -JT 

The whole length of the lemniscata = 4« » the circumference 
of a circle rad s a multiplied into the series between the 
brackets. 
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THE VOLUMES AND SURFACES OF SOLIDS OF REVOLUTION. 

'76. To find the volumes and surfaces of solids, or to 
integrate the functions 

^..y-,and- = 2.y Vl+-. 

Ex. (l.) To find the content of a cone with a circular base. 
Let a = altitude b ^ radius of base. 

Then if the vertex be th$ origin and the altitude the 
axis of «r, 



a 
And F=Oifa^ = 0; .-.0 = 0; 

.*. whole cone = => ^ of a cylinder of the same altitude 

and on the same base. 



(2) Find the volume of the paraboloid, 

y^ a= 4«ia? is the equation to the generating curve ; 
.'. volume = 7r/,y- =r 7r^4ma? = 27rwi.a'^ + C, and C= 0; 

.-. volume = 27rma?^ = = — — . 

But Try* J? = volume of a cylinder base = Try^ and altitude =e x ; 
.*. paraboloid = ^ circumscribing cylinder. 



II' 

« 
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(S) Find the content or volume of a sphere. 

.*. content « irf, . (2aaf - a?*) 8= tt laa^ ) + C, 

and content = when a? = ; .-. C = ; 

.'. content of segment = tt^ la — > . 

But va^a s content of a cylinder, base » va^y and alti- 

tude = a,.and ttj?^— s content of a cone of the same base; 

S 

therefore content of a spherical segment is the difference be- 
tween the contents of an isosceles cone of the same altitude, 
and of a cylinder on the same base but altitude equal to the 
radius. 

Let 07 s 2a; 

2 4 2 2 

••. sphere « 47ra* (a — a) « - iro* = - ira^^a = - of circumscrib- 
^ ^33 3 3 

ing cylinder. 

(4) Find the content of the prolate spheroid formed by 
the revolution of an ellipse round its major axis, 

y« = 5(a*-^) (1); 



a" 



' -T (a^ - a?^) = -r — I a^x | + C, 

«a* a^ \ 31 

from a?=-<j, to d? = + o 



4 
3 



If the solid content of the oblate spheroid, which is formed 
by revolution round the minor axis be required ; take the 
minor axis for the axis of <x', and the major axis for that of y. 



I 



362 VOLUMES OF SOLIDS. 

Then in equation (l) put y for of and x for y, we have 

r^(6'-^)=-jr(**--i)' 

from m^ —h^ tod7s + &9 

4 
.-. solid « - irf^h\ 
3 

therefore prolate spheroid : oblate spheroid 

:: 6*o : a^b :: 6 : a. 

CoK. Hence sphere on major axis : prolate spheroid 

4 4 

i: -Tra^ : -vVa :: or : 6*, 

5 S 

and sphere on major axis : oblate spheroid :: V i c^. 

(5) Content of the solid generated by the conchoid round 
the axis of <v, 

dV ^dV dx 4 ^*^ 
dy dx' dy dy^ 

and ^--^x/^r7_ (;+lL=--^^±^; 

and jT /^-^ '=-y'>/y^ + 2/yy\/y^ 
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.-. r^C^w.{aVsin-'^^y'y/¥^'^(V-ff')i\, 



and 






Let y = ; 



.*. whole volume = v 



2 



IT 



y 



{t * f } 



(6) Find the content of the 
solid generated by the revolution 
of the cissoid round its asymptote, 

AB = 2a, 



Now NCt = 



or a?* = 



BN' 

(2a -yy 




/. solid- irfgy^ ^ wy^op - Q'Trf^ya^. 

But ^y^ = J/ (2a - yf; .-. a?^ = \/y . (2a - y)J; 

••• X^» = ^(2a-y)\/2ay-2^ 

* X (« - y) V^Say - y* + af^^/^ay-y' 



(2ay-y^)f 



+ a X circular area, ver-sin = y ; 
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.'. solid = TT {(Say - y*)' - f (2 ay - y*)i 
- 2a . circular area, ver-sin = y + C} 

(2ay-y«)» ^ . _ • ^^ 

- ^ :^ — ^ — f_£ — ^a^ X circular area ver-sin = y + C 

S 

Let y SB 2a ; .-. solid = 0, 

Tra* 

and therefore = - 2a tt + C; .*. C = w^o^ ; 

2 

.'. solid = TT^a^ + TT (2ay - y*)' - 2a7r . circular area ver-sin = y ; 

therefore let y = ; 

therefore whole solid = ir'a'. 

(7) Find the solid generated by the revolution of the 
cycloid round its base. 

Make the base the axis of <v; 

dy y/9,ay-y' 
' dw y 

nd— ~ o ^^ % dV y/9.ay^nt ^ 
dw^ dy' dw dy y 

•^y\/2ay-y^ 

Now / — 7 = ^+ g / y =;i 

'^yV2ay-y" w* m ^yV^o.y-^y^ 

f y' ify/^a y-y' . 5^ r y" 

^yx/say-y* ^ * •^yV2ay-y^ 

y" yy/^ay-y" . 3 /• y 



r y ^ _ y^ ^^y-r ^ 3^ r 

Jyy/^ay^y' 2 ^ W^ay^y" 

/ ~ — = - v2 ay - y'* + a • ver-^n~^ - ; 

Jy \/%ay - y' « 



VOLUMES OF SOLIDS. 365 



ary/9,ay-%f -v a'ver-sin"* -, 

from y = to y ^9,a\ 

2 

(8) Find the solid generated by the revolution of the 
cycloid round its axis. 

dV 
If V be the volume, -j— = Try*, 

and r = 7r^y* = '7r|y'a?-2^a?y.— L 

and — ^ = (equation from vertex) ; 

dx O! ^ 

dy 



dw 



nn 

But if = ver-sin"^ - , 

a 



y s a (d + sin 0), y/%ax — ai^ = a sin 0, 

dw 
and 07 =: a (l - cos 0) ; .'. tj = ^^'^ ^ » 

€tC7 



.-. jryA/2a^-^=aVe«ii'^-(^+sin0) = aVe(esin2 0+8in'0). 
But sin /e . sin* = /(sin* 0) - /e (sin* 0), 

jr. 8/1 ir^ /iv ^ sin 20 

and ^sm*0 = ^/e(l-cos20) = - - 



2 4 ' 



, , /0 sin2 0\ 0* cos 2 
and 






8 
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rn • 2/1 ^ 0sin20 e^ COS 2d 

'' 2 4 4 8 



0" gain 20 

4 "" 4 



and /sin^ =s - 



sin^ cos d 



cos 2d 

8~ 

— I^cosd 



gr* from B^ 



tod: 



} 



ss *. from d ^ to d tt ir, 
and y*a7= (wa)*.2a from ^st o to a? = Za^ orysOtoy^Tra; 

(9) To find the volume of a conical figure^ the base of 
which is bounded by any given curve. 

From A draw AD perpendicular to 
the base, and « a. 

In AD take AN-w, N being a point 
in a section bcy parallel and similar to 
the base BC. 



Let A = 


area < 


of the base, 


S^ 


area < 


[>f section be; 




S 


bN' 


AN^ 




m 

•' A 


~ Biy~ 


AD* 




.: S 


-A^ 






. dV 




ai' 




_ * 

or 



and 



da 



= ^ = ^.-^,; 



O' 



.-. r = ~X^ = +C', and C=0; 



.-. i<jBC 



^o^ A. a 



3 a' 



« base X ^ of the altitude. 
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Cor. This proposition is manifestly true for a pyramid 
of any base. 

V 

(10) To find the content of a Groin, a solid of which the 
sections parallel to the base are squares, and those perpen- 
dicular bounded by a given curve. 

Let the given curve be a semi-circle. 

therefore generating area = (2y)* = 4y*; 
dV 



AB^BD^a, 



dx 



4y* = 4(2oa? — <T?*); 




.-. F = 4 I aa^ 1 , and from ^ = a to a? = o, 

3 

To find the surface: 

generating surface = perimeter of square = 8y ; 

a 



dS ds y-~ 

ax aw V a* - a^ 

.-. S ^ Saw ^ Sa^. 



= 8a; 



And similarly may the content and surface be found, 
whatever be the curve APD. 

Also, if the base be any other figure, of which the area is 
a function of {y) as a circle, a parabola, a triangle, &c. and 
APB be a curve of which the equation is y ^^/(w)^ the surface 
and solid content may be found. 

(11) Find the volume of the solid gene- 
rated by the revolution of a parabolic area 
round its ordinate. 



AM=i Wj 
MP^y, 



BN^w^, 
NP^y,, 



AB = a, 
BC^b; 
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if\ 



t 



V 4m / (^mf ^ 



and 



dV dV 



w 



• • 



do?! dy 



(4 my 



{6*-26^y« + j^}; 



.. F = 



(4»»y 



TT 



(4wiy 



jft^y ?L + LI from y = to y = 63 



{^-|-^a = 



^6* 8 



(4l»y 15 



But 6^ = 4fiia; 



15 



o' 



(4 m)' b^ ' 




(12) Find the volume of the 
solid generated by the circle BQP 
which revolves about an axis 
ANoff in its own plane. 

Let AO = 6, 05 = a, 
MQ = y, OM^ w. 

Then suplaee generated by QP 

= TT (JNTP* - ATQ*) - TT {(6 + yf - (6 - y)*} = 4irfey ; 

dV t ^'^^ 
.-. -— =47r6y; /. F = 47r6Ly « 47ro , 

or solid = 2w^fea^ 

d^ ^ds 

Surface = 27r.X (A^/' - JVQ) . 3- - 49r6.£-T- = 47r6.iro 

do? a* 



= 47r^6o. 
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(is) The surface of a sphere. 

dy a — «j? 



y = y/^ax ^ af^^ and 



doif ^/^aa-s^ 



1 +-^ = 1 + -^^ L. = = -. 

ds^ Stax — a^ 2ax — off^ ^ 

Surface = 2if/^jr \/ 1 4 JL ^^trLy . - ^ ^wfia « 2^ax + C 

Surface = 0, if 4? = ; .•. C = ; 

.-. surface of a segment = iirax ; 

. •• surface of sphere = 27ra.2a = 47ra 

(14) Convex sfirfdce of a piiraboloid. 

dy' 2m 



2 



y^ = 4 m x^ 



dtV y 



di/ 4m* 4w^ ^ cV + iw 

.*. 1 + 73=1 +-7- = i + T — = 1+ = ; 

.-. surfaee = ^2#y V 1 H--^ =4i»-V^.XV^ 

a or {V 

s= 4 TT Vm i» V*H-^ 
= 47rV'w|(<r + wi)§ + C, 

= 47r\/,mHm^ + C; 

« 8 TT V m , , 
.*. surface = • {(^ + ^)^ - *»*}• 

(15) Find the surface generated by the revolution of the 
cycloid round its base. 

das y ddir y 

dS dS d,v ^ / rfv^ dx 

^ dy dx dy dx^ dy 

/ .V 

= 2 TT V 2 ay . .. ' = 1 ; 

\/^<t.y - y* 
Aa 
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.-. 5 = 2 



ia 



■I 



y/9,a — y 

= g-TT \/2^{-2y a/so -y--(2o -»)»}, 
from y = to y = 2a; 
.-. surface generated by semi-cycloid = 2 tt - (2a) =— ^<r. 

(l6) Find the same when round the axis.^ 

dy /2o - (s 
Measuring from the vertex, — = V — 

Surface = 27r/y^- 2^ |»«-/*«^j» « = 2\/2a^ 

= 2^|2y\/2«<r-2\/2a/,V^ V — - — j 
= 4^ ^y y/9.aw - \/2o jL \/2o - a?} 

from cT = to a? = 2a, or y = to y = -w-a. 
Surface = 47r\/2a {ira \/2a - -. (2a) } 

4 
= 87ra ^Tra — -^| 



= SttO 



M'-i}- 



(17) To find the surface of the prolate spheroid. 
h . dy* o* - «*^ 

dS da h r-, — -. A A^ - ^^' 

= 2 ^y — - 2 «■ x/o* - a^ V -^^7^ 



d^ 



da 



a 

= 27rfe 






! . 



t 




da, 



.•,r i 1881 
NOV 111884 
'AN 23188' 



/ 




( 



dw 



r 



